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Abstract

In [1], the author extended to vector measures on a compact non commutative
group the notion of Fourier-Stieltjes transform. This brings to light some functional
spaces. In this paper, we study some of their topological properties. In particular,
we found their dual spaces.
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1 Introduction

The Fourier transform of a complex valued function on a commutative locally compact
group G, such as R™, is again a complex valued function on the character group X of
G. Otherwise, it is a familly (Ey)sex of continuous linear operators E, : H, — H,,
where ¥ is the dual object of the compact non commutative group GG, and o, a class of
irreducible unitary representations of G in a Hilbert space H,-.

In case C is replaced by a Banach space A, it is a familly of continuous sesquilin-

ear mappings ¢(o) : H, x H, — A. In fact, for each 0 € X, we choose once and
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for all an element U? in o, denote its representation space by H,, and fix an or-
thonormal basis (£7, ... ,{gg) of H,, where d, = dimH,, as a canonical basis. We put
ug;(t) = (U&7, &7) and introduce the operator U’ on H, such that (Ut &) = ug;(t),

the complex conjugate of uf; (t) The Fourier-Stieltjes transform on G for an A-valued

bounded vector measure m, where A is a normed space, is given by :

() (€.m) = /G Ty dm(t) (6.n) € Hy x H,.

(For details on vector measures See [4] and [5]). The mapping H, x H, — A,(§,n) —

m(o)(&,n) is a continuous and sesquilinear [1].

This generates a certain number of interesting linear spaces Sp(2, A) that we specify

as follow.

We write HES(HU x Hy, A) = S(X, A) where S(H, x H,, A) is the space of continuous
o€

sesquilinear mappings from H, x H, into A. S(X, A) is a linear space with addition

and multiplication by scalars, defined coordinatewise. For ¢ € S(X, A), we put :

[¢lloo = sup{ll¢(o)lllo € 2},

with [[6(0)| = sup{|6(o) (&)l | €]l < 1, Inll < 1}. We denote by
Sse(5, A), the space {6 € S(5, A6l < 00}

Soo(X, A), the space {¢ € S (X, A)|{o € X|p(0) # 0} is finite }
and Sp(X, A), the space

{p € Su(E,A4)|Ve > 0, {0 € X|||¢p(c)|| > e}is finite }.

In [2] it is proved that :

1. The mapping ¢ — ||¢|| is @ norm on Sso (X, A), and S (X, A) is a Banach space
with respect to this norm.

2. Soo(2, A) is dense in Sp(X, A).

3. Every ¢(0) € S(H, x H,, A) is determined by the d2 elements af; = ¢(0)(&7,&7)
of A. More precisely, we have :

(o) = Z deaf;af; (o), 4f; being the Fourier transform of u;.
».7_
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4. The mapping m — 7 from M'(G, A), the space of A-valued bounded measures

on G into Seo (2, A), is linear, injective and continuous.

2 Main Results

2.1 The spaces S,(X,4) 1 <p < o0

We define :

Sp(8,4) = {6 € S(Z,4)| Y _do ) ll6(0)(&].&)IP <00}, 1<p<oo,
o i
and Sy (X, A) as in the introduction. They are linear spaces for pointwise operations.

We define a norm on S,(%, A) by

3=

Il = | D do > ll6(o)(&7, &)

ceS i

Theorem 2.1 For each p, 1 < p < oo, the space Sy(X, A) is a Banach space.

Proof. The case p = oo was done in [2] .
Let (¢n) be a Cauchy sequence from the space S,(2,A). Then for each o € X, the
sequence (¢n(0)),, is a Cauchy sequence from the space S(Hy x H,, A) which is known

to be a Banach space. Thus there exists ¢(o) € S(H, x H,, A) such that
1im [[6a(0) ~ 6(0)]| = 0. 1)

Set af; = ¢(0)(£7,€7) and for all n, a;’]?” = ¢n(0)(£5,€7)-

We consider € > 0. Since (¢,,) is a Cauchy sequence, then there exists ng € N such that

W, s > no, | ér — sll, < €7 (2)

i.e Z dy Z lag;” —a7*|IP < e. (3)
o %,J
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Letting s tends to infinity in (3), we have :

> Sl o < @
o 1,7
i.e |ér —llp < e pour r > ny. (5)

We have [|¢]l, = |[¢—¢r+rlp

< o= orllp + [1orllp
< et grlly < oo

Hence ¢ € §,(X, A). Finally (5) shows that (¢,) converges to ¢ in S,(X, A). O

2.2 Duality in the spaces S,(%, A)

Theorem 2.2 Let p,q be such that 1 < p < oo, % + % =1 and A* be the dual of A.
Then the space (Sp(X, A))* is isometric to Sy(X, A*).

Proof. The proof of the case p =1 (which implies ¢ = c0) can be found in [9]. Now,
let 1 <p<oo. Let T:85,(%,4%) — (Sp(X,4))",0— Ty
be defined by (T'p,¢) = > do > _(b7;,a%;), ¥ € Sp(5, A) where b, = ¢(0)(£7,&7)
oEY iy

and af; = ¢(0)(£7,£7). Then the Theorem is a consequence of the following three

lemmas.

Lemma 2.3 The mapping T is linear and bounded.
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Proof. The linearity of T is trivial. Let us show that it is bounded.

We have\(TgD,wﬂ = \Z d Z< @50 ’L_]>|
ceEY 7.7
< 2 do X1 )l
oeY ]
< 2 do 22107 l]]a; |
oeY 7.7
< X Zd"Hb IId”Ha |
oeY Zv]
1 1
P
< (Z >~ do |07, H"> (Z >_ dollaf] Hp>
gEY 1,] cEX
< llellgllllp-

So |[T¢|l < ||¢llq and therefore T' is bounded with ||7']| < 1.00

Lemma 2.4 The equality | T|| =1 holds.

Proof. From part 1, we have | T'|] < 1. Let us show now that ||| > 1.

Take a € A, such that [ja]] = 1. Since a # 0, we know from Functional analysis that
there exists b* € A* such that [|b*|| =1 and (b*,a) = ||a|| = 1.

Given a fixed 7 € 3, we use the Kronecker symbol d;; to define ¢, € S,(X, A) by

_2
d-"ady; ifo=71

Ur(0)(E.€) = afy =
Oifc#71
and ¢, in S¢(X, A*) by
_2
dr 0% if o =7
pr(0)(&7,&7) = b7 =
0if o £ 1.

We have [ |7 = "doe > [IG19=> do Y |ldr qb*ém\lq drd.d;? =

gEY %] oeEX i
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_2
and [ |5 = do > [lafll? = do D [ld-"ady|P =1
o ij o ij
As such, (T'or,¢7) = Zd Z< it zj>

= Zd Z( qb*él],dT a5,]>

2

— 4,3 b, dr 7 a)
) / 141\ 2
_ 2 <d$ ) (b, a) = 1= [l -

Hence ||T|| > 1. Finally | 7| =1. O

Lemma 2.5 The mapping T is surjective.

Proof. In fact let f € (S,(2, A))*. For 7 € £, let
Vi={veSy(X,A)|¢(o)=0if 0 # 7,0 € X}

For oy € V;, let af; = ¢(7)(£].&]), 4, = 1,...,d;. There exists linear forms b]; €
A*i,j = 1,...,d; such that (f,¢) = d;, Z( 7i»ai;). In fact, given d? scalars A such

that Z)\ = < > , there exists b;; € A* Wlth (bij,al;) = 1 ; denoting b]; = ALb;;, we

have what is requlred.

Now, let us consider an element ¢ of Spo(X, A).
Since Spo(X, A) is a subset of S2(X, A), one can write, according to the Riesz-Fischer

theorem, ¢ = }° d- > af;a7;. In fact, there exists a finite subset ¥’ of ¥ such that

TEY i
¢ = ). dr ) aj;t;;. Putting ¢r =d; Zam i
Tey! ij
we have ¢ = > ¢,. It is clear that ng belongs to V; because, for o # 7, 4];(0) =0
TeX!

(Schur’s orthogonality property), so ¢-(0) = > af;uf;(0) = 0. Thus, there exist linear
ij
forms b]; € A*,4,j =1,...,d; such that

f@—dZ T ar).
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Now by linearity of f,

(f.¢) =Y dr > (b al).

TEY! 1,3
Defining ¢ by :

o(T)(&],&]) = bf; if 7 € X' and o(7)(£],£7) = 0 otherwise,

we have ¢ € Spo(X,A%) C S§4(E,A4*) and (f,¢) = (T'¢,¢). This means that the
continuous linear forms f and T coincide on Spo(X, A) which is a dense subset of
Sp(X, A).

Hence f =Tp. O

The three lemmas show that 7' is an isometry from S;(X, A*) onto (S,(X, A))*.
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