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ABSTRACT 
In this paper, the Langmuir isotherm, originally 

derived for the adsorption of asphaltene 

extracted from shale oil and dissolved in toluene 

on Kaolin, Smectite, Fluorite and Hematite, was 

modified to fit the adsorption isotherm. The 

modified Langmuir isotherm parameters 

obtained from the four linear equations using the 

linear method differed. The aim of the proposed 

modification is based on the fact that direct 

application of the Langmuir isotherm often leads 

to poor data fitting. In the present 

communication, it is shown that the level of data 

fitting to the Langmuir isotherm can be 

improved by a simple modification through 

introducing a concentration dependent factor, X. 

The present paper discusses four modified 

Langmuir linearized isotherm models and one 

non-linear isotherm model: their coefficients are 

estimated and, for the study of non-linear 

isotherm model, genetic algorithm is used. A 

genetic algorithm procedure was utilized to 

optimize the modified Langmuir constants for a 

more accurate estimation of the set of model 

parameters. The obtained results demonstrated 

that the best fit was obtained using genetic 

algorithm. Furthermore, it was found out that 

from the surface minerals mentioned, Hematite 

mineral follows a multilayer adsorption 

isotherm.  

Keywords: Asphaltene Adsorption; 

Reservoir Rock Mineral; Multilayer 

Adsorption; Modification of Langmuir 

Isotherm 

 

NOMENCLATURE 
GA – genetic algorithm;  θ – the amount of 

adsorption per the maximum adsorption;  MSE – 

mean squared error;  SSE – sum squared error;  

SST – sum squared total; n – number of 

experimental points;   

qexp,i  [mg/m
2
] – amount of asphaltene adsorbed 

on the mineral surface by the results of 

experiments;  

qmodel,i [mg/m
2
] – amount of asphaltene adsorbed 

on the mineral surface by the model; Nmax  – 

Number of generation; qmax [mg/m
2
] – maximum 

amount of adsorbed asphaltene; K [dm
3
/mg] – 

Langmuir constant, ratio of the adsorption rate 

constant to the desorption rate constant;  q 

[mg/m
2
]– amount of asphaltene adsorbed on the 

mineral surface;  C [mg/dm
3
] – the equilibrium 

concentration of asphaltene solution 

 

INTRODUCTION 
Asphaltenes are commonly described as a class 

of petroleum molecules that are insoluble in 

normal alkanes (n-pentane or n-heptane) but 

soluble in aromatics such as benzene or toluene 

[1, 2]. They are considered to be the most polar 

fraction of crude oil [3, 4]. Asphaltenes are a 

complex mixture of macromolecules with 

molecular weights (MW) that range from 500 up 

to 100,000 Da according to different authors and 

methods [5, 6]. Asphaltenes can undergo phase 

separation and deposition due to changes in 

temperature, pressure, and/or solution 

composition [2,7] during production, 

transportation, and during the refining processes. 

Studies on asphaltene/mineral interactions yield 

new results in the field of environmental 

chemistry. During the enhanced oil recovery 

(EOR) procedures insoluble asphaltene particles 

may appear in the environment. They may also 

originate from uncontrolled split of oil products 

[8]. Therefore, understanding the mechanism of 
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asphaltene deposition is a critical step in 

combating asphaltene deposition problem.  

One of the most important changes is wettability 

alteration, where particles in contact with crude 

oil surface-active components (e.g. asphaltenes) 

will change from hydrophilic to hydrophobic (or 

less hydrophilic) [9–11]. The adsorption of 

asphaltenes onto minerals has been extensively 

studied [8, 12–16] because, as already 

mentioned, asphaltene adsorption on the 

formation rock alters the wettability of rocks 

[17] and reduces oil production from the 

reservoir. Also, in paper [18] asphaltenes (and a 

number of model compounds) were used for 

adsorption experiments (thermodynamic and 

kinetic) using Kaolin as an adsorbent. The 

results have indicated that the adsorption was 

governed by the presence of an aromatic 

framework, heteroatoms (nitrogen and oxygen), 

and to a lesser extent sulfur and a minor 

dependence on molecular weight [18].    

Recently, Alboudwarej et al [19] have studied 

the adsorption of Athabasca and Cold Lake 

asphaltenes on stainless steel (304 L), iron, and 

aluminum powders using UV-vis 

spectrophotometry. The effects of resins, 

temperature, and n-heptane-to-toluene ratio were 

also investigated. In all cases, Langmuir 

isotherms were observed, indicating that 

asphaltenes saturated the surface area available 

for adsorption. The saturation adsorption of the 

asphaltenes on metals (0.25–2.7 mg m
-2

) was of 

the same order of magnitude as that on minerals 

[14, 20].   

Linear regression is frequently used to determine 

the best-fitting isotherm. The linear least-squares 

method with linearly transformed isotherm 

equations has also been widely applied to 

confirm experimental data and isotherms using a 

combination of relative error measure (e.g., R
2
) 

and absolute error measure (e.g., RMSE).  

Genetic algorithms (GAs) is a search technique 

used in computing to find exact or approximate 

solutions to optimization and search problems. 

Genetic algorithms are categorized as global 

search heuristics. In recent years, the concept of 

GAs has gained wide popularity in many areas 

of chemical and  petroleum  engineering such as 

reservoir studies [21–23], optimization [24–26],  

polymerization process [27, 28], estimation of 

kinetic parameters [29–31] and biology [32, 33].   

The goal of the present paper is to propose a 

modified Langmuir isotherm by which the level 

of data fitting in solution systems can be 

significantly improved. During modification we 

assumed that asphaltene concentration affects 

not only the adsorption stage but also the 

desorption step. To simplify the model we 

adopted a single-term polynomial in the 

description of the solute concentration 

dependence in both adsorption and desorption 

stages. The modified Langmuir isotherm has 

advantages compared with other isotherms. 

Better fit of the asphaltene adsorption was 

derived using a modified Langmuir isotherm. 

Furthermore, as will be detailed later, the 

magnitude of this single-term may be related to 

the level of surface heterogeneity and multilayer 

adsorption.   

To our knowledge, there is no single article [2–

4, 8, 10, 12–16, 19, 20, 34–36] on modification 

of Langmuir Isotherm for the adsorption of 

asphaltene onto mineral surfaces and most of the 

articles do not satisfy the multilayer adsorption 

of asphaltene and those articles use the original 

Langmuir adsorption. However, in the present 

paper we propose a new modified model for the 

Langmuir adsorption and indicate that some 

minerals follow Langmuir and others deviate a 

little from Langmuir and follow the modification 

of Langmuir. Based on this concept, we justify 

multilayer adsorption that the papers cited do 

not. 

The present paper discusses four modified 

Langmuir linearized isotherm models and one 

non-linear isotherm model; their coefficients are 

estimated and, for the study of non-linear 

isotherm model, genetic algorithm is used. 

 

MATERIALS AND METHODS 
The sample of oil was extracted from 

bituminous shale oil from the Irati formation oil 

shale of the São Mateus do Sul deposit, in 

Paraná, Southern Brazil. The recovered oil was 

the fraction retained by the particles in the filter 

cake after the purification process. To separate 

this oil, the sludge was Soxhlet extracted with 

toluene, and the solvent then evaporated.   

www.SID.ir



Arc
hive

 of
 S

ID

 ايلیه کىفراوس بیه الملی وفت، گاز، پتريشیمی ي ویريگاهی
همایش های بیه المللی هتل المپیک تهرانمرکس   

 

The asphaltenes were isolated from a sample of 

recovered shale oil using the ASTM 2007 

standard procedure. Before use, the asphaltenes 

fraction was dissolved in toluene and filtered 

through a Millipore filter to eliminate the 

insoluble material. The preparation of four 

minerals (Kaolin, Smectite, Fluorite and 

Hematite) was shown in Gonzalez and Moreira 

[35].   

The amount of asphaltenes adsorbed by f 

mineral was determined by measuring the 

reduction in concentration of the toluene 

solution of these fractions after four hours 

contact with the solid powder. The concentration 

was measured at the wavelength of 400 nm, 

using 10 mm optical path cells, with the double 

beam Varian 634 Spectrophotometer [35, 36].   

 

MODIFICATION OF LANGMUIR 

ISOTHERM 
LANGMUIR ISOTHERM 

 
The chemical reaction for monolayer adsorption 

can be represented as follows:  

A S AS                                                   (1)  

where AS represents a solute molecule bound to 

a surface site on S. The equilibrium constant K 

for this reaction is given by: 

 
  

AS
K

A S


                                                (2)  

 
where [A] denotes the concentration of A, while 

the other two terms [S] and [AS] are two 

dimensional analogs of concentration. The 

principle of chemical equilibrium holds with 

these terms. The complete form of the Langmuir 

isotherm considers (Eq. 2) in terms of the 

surface coverage θ which is defined as the 

fraction of the adsorption sites to which a solute 

molecule has become attached. An expression 

for the fraction of the surface with unattached 

sites is therefore (1-θ). Given these definitions, 

we can rewrite the term [AS]/[S] as 

 

 
  1

AS
.

S




                                                 (3)           

Now we express [A] as C and finally: 

1

KC
.

KC
 

                                                    
(4)  

 
If we define q as the amount of adsorption in 

units of moles adsorbate per mass adsorbant, and 

qmax and the maximal adsorption, then: 

max

q
.

q
 

                                                       (5)                             

 
Therefore, 

1

maxq KC
q .

KC


                                                 
  

(6) 

As mentioned before, the Langmuir isotherm is 

based on the three key assumptions: monolayer 

coverage, sites equivalence and sites 

independence. These premises may be 

oversimplified but in the case of gas adsorption 

on a well-defined solid surface, they are 

reasonable assumptions [37].
  

 
MODIFICATION OF LANGMUIR 

ISOTHERM 

Sometimes, the adsorption of solutes on solid 

surface may not hold the above three premises. 

Two reasons underlie why with Langmuir’s 

original isotherm for systems it is potentially 

problematic to describe the adsorption in 

solution systems. First, when a species is 

adsorbed from solution, there should be 

accompanying desorption of another species for 

charge-balance considerations [38]. Second, the 

existence of surface heterogeneity may cause an 

island-type adsorption, which clearly deviates 

from the important Langmuir presupposition of 

adsorption site equivalence [39].    

In order to determine the modification of the 

Langmuir isotherm, the exact dependency of 

surface coverage on solute concentration of 

adsorption and desorption process, for example 

C
m
 and C

n
, respectively, should be determined. 

This leads us to a modified Langmuir isotherm 

as follows: 

 

1

X

X

KC

KC
 


 
                                  (7)  
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where C is the solute concentration, and X(=m-

n) is an exponent indicating the level of 

concentration dependence. Therefore, by 

equation 5, the above equation can be rearranged 

to:  

 

1

X

max

X

q KC
q .

KC


                                               (8) 

 

MODELING 
REGRESSION 

The Regression analysis tool performs linear 

regression analysis by using the least-squares 

method to fit a line through a set of 

observations. Regression can analyze how a 

single dependent variable is affected by the 

values of one or more independent variables. 

Linear regression is frequently used to determine 

the best-fitting isotherm, and the method of least 

squares has been used to find the parameters of 

the isotherms. In order to chose the best model 

for fitting experimental data, two kinds of 

isotherm have been utilized: the Langmuir and 

the modified Langmuir isotherms. However, the 

modified Langmuir isotherm can be linearized 

as four different types (see table 1), and simple 

linear regression will result in different 

parameter estimates [40, 41]. 

 

 

Table 1. Linear and non-linear isotherm 

equations for modified Langmuir isotherms 

Isotherm 
Non-linear 

equation 
Linear equation

 

Plot

 

Langmuir-1  
1X X

max max

C C

q q Kq
 

 

X
XC

vs.C
q

 
 
      

Langmuir-2  
1 1 1 1

X

max maxq Kq C q

   
    
   

 

1 1
X

vs.
q C

 

 1

X

max

X

q KC
q

KC




 

  

Langmuir-3  

1
max X

q
q q

K C

  
   

  

 

X

q
qvs.

C
 

Langmuir-4  maxX

q
Kq Kq

C
   X

q
vs.q

C
 

*This table is the same as Langmuir isotherm equations 

when X = 1. 

 

It is worth noting here that the exponent X is a 

fitting parameter by which we can determine the 

best linear regression for a given system.  

 

GENETIC ALGORITHMS 

The GAs could optimize linear and nonlinear 

objective functions by exploring the space of 

problem and exponentially exploiting promising 

areas through selection, crossover, and mutation 

operations applied to individuals the population 

[42].  

Taking into account advantages and limitations 

of GAs, it could be specified when a GA should 

be applied for optimization problems. Moreover 

it handles noisy functions well and is resistant to 

becoming trapped in local optima. But it should 

be remembered that a GA has some limitations 

like identifying fitness function, defining 

representation, premature convergency, problem 

of choosing various parameters like the size of 

the population, mutation rate, crossover rate, the 

selection method and number of elites and 

sometimes it needs to be coupled with a local 

search technique [43, 44]. What is nice when 

comparing GAs to other optimization methods is 

that the fitness function can be nearly anything 

that can be evaluated by a computer or even 

something that cannot.  

GAs operate with coded versions of the problem 

parameters rather than parameters themselves, 

i.e., a GA works with the coding of the solution 

set and not with the solution itself. Almost all 

conventional optimization techniques search 

from a single point but GAs always operate on a 

whole population of points (strings), i.e., a GA 

uses population of solutions rather than a single 

solution from those searched. This plays a major 

role to the robustness of GAs. It improves the 

chance of reaching the global optimum and also 

helps in avoiding local stationary point. GAs use 

fitness function for evaluation rather than 

www.SID.ir

javascript:ToggleDiv('divExpCollAsst_IDA2J5SB')


Arc
hive

 of
 S

ID

 ايلیه کىفراوس بیه الملی وفت، گاز، پتريشیمی ي ویريگاهی
همایش های بیه المللی هتل المپیک تهرانمرکس   

 

derivatives. As a result, they can be applied to 

any kind of continuous or discrete optimization 

problems. The key point to be performed here is 

to identify and specify a meaningful decoding 

function. The general flowchart steps of the used 

computer program are presented in fig. 1.  

  

 

 
 

Fig. 1. Flowchart of used GA program 

 

 

Table 2 indicates the numerical parameter values 

used in GAs for all optimization runs. In this 

optimization, the rank method is used for fitness 

scaling, while stochastic uniform is used for the 

selection method to specify how the genetic 

algorithm chooses parents for the next 

generation. 

 

 

Table 2. Computational Parameters of GA 
Computational parameters Values 

Population size 100 

Elite count 2 

Crossover fraction 0.80 

Number of generation 1000 

Fitness scaling function @fitscalingrank 

Selection function @selectionstochunif 

Crossover function @crossoverscattered 

Mutation function @mutationuniform 

Mutation probability 0.05 

 
 

RESULTS AND DISCUSSIONS 
All calculation and GAs programming were 

carried out using MATLAB 7.7 mathematical 

software and Microsoft excel. As was proposed 

by Legates and McCabe [45], a perfect way of 

evaluating a model should contain a 

combination of relative error measures (e.g., R
2
) 

and absolute error measure (e.g., RMSE). In the 

present paper, R
2
 and RMSE were used to 

evaluate the performance of the model. R
2
 and 

RMSE are defined as below:  

RMSE MSE                                            (9) 

 

SSE
MSE

n
                                                   (10)   

 

 
2

exp mod1

n

,i el ,ii
SSE q q


                        (11) 

 

2 1
SSE

R
SST

                                                    (12) 

 

 
2

exp exp1

n

,ii
SST q q


                           (13) 

where MSE, SSE and SST are the mean squared 

error, the sum of squared error and the sum 

squared total, respectively. And n, qmodel,i and 

qexp,i are the number of experimental points, the 

predicted amount of asphaltene adsorbed on the 

mineral surface by the model and results of 

experiments, respectively. 

Modified Langmuir coefficients for four 

linearized modified Langmuir equations were 

obtained by plotting graphs between C
X
/q versus 

C
X 

(Type-I linearized equation), 1/q versus 1/C
X 

(Type- II linearized equation), q versus q/C
X
 

(Type-III linearized equation), and q/C
X
 versus q 

(Type-IV linearized equation) The calculated 

parameters for three arbitrary X are shown in 

table 3. When X = 1, the modified isotherm 

returns to the original form of the Langmuir 

isotherm. 
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Table 3. Linear regression equations of Modified Langmuir Isotherm 

K 
(dm

3
/mg) 

qmax 

(mg/m
2
) 

 
RMSE 

 

R
2 Equation 

(y = ) 

Modified 

Langmuir 
Isotherm 

X 

Kaolin 

0.0111 

0.0207 

0.0223 

0.0101 

2.3143 

1.6921 

1.6871 

2.650 

1.18 

1.66 

1.57 

1.44 

0.987 

0.975 

0.977 

0.981 

0.4321x+39.024 

28.529x+0.5909 

-44.821x+1.687 

-0.01x + 0.0265 

Type 1 

Type 2 

Type 3 

Type 4 

0.8 

0.0068 

0.00992 

0.0105 

0.0067 

1.9139 

1.943 

1.6297 

2.045 

1.025 

1.34 

1.18 

1.15 

0.990 

0.984 

0.987 

0.988 

0.5225x + 77.194 

51.864x + 0.51479 

-95.401x + 1.6297 

-0.0067x + 0.0137 

Type 1 

Type 2 

Type 3 

Type 4 

1 

0.00297 

0.00299 

0.00402 

0.00485 

1.7841 

1.9525 

1.564 

1.794 

1.24 

1.45 

1.36 

1.19 

0.986 

0.981 

0.983 

0.987 

0.5605x + 188.72 

170.713x + 0.5121 

-248.663x + 1.5639 

-0.00485x + 0.0087 

Type 1 

Type 2 

Type 3 

Type 4 

1.2 

Smectite 

0.0291 

0.0198 

0.0224 

0.0194 

0.4042 

0.4415 

0.427 

0.444 

1.0556 

1.0697 

1.0654 

1.0704 

0.942 

0.909 

0.92 

0.907 

2.474x + 84.903 

114.509x + 2.265 

-44.643x + 0.427 

-0.0194x +0.08604 

Type 1 

Type 2 

Type 3 

Type 4 

0.8 

0.017 

0.00823 

0.043 

0.0404 

0.381 

0.467 

0.412 

0.422 

1.0449 

1.0648 

1.0575 

1.0591 

0.962 

0.921 

0.938 

0.934 

2.6246x + 154.392 

260.145x + 2.141 

-23.362x + 0.4118 

-0.0404x + 0.01706 

Type 1 

Type 2 

Type 3 

Type 4 

1 

0.01317 

0.0076 

0.0095 

0.0099 

0.395 

0.4645 

0.4416 

0.4413 

1.0526 

1.0723 

1.0668 

1.0684 

0.948 

0.902 

0.916 

0.912 

2.532x + 192.255 

283.364x + 2.153 

-105.263x + 0.4416 

-0.0099x + 0.00437 

Type 1 

Type 2 

Type 3 

Type 4 

1.4 

Fluorite 

0.0179 

0.0217 

0.0163 

0.0153 

2.8706 

2.047 

2.4603 

2.625 

1.273 

1.352 

1.305 

1.276 

0.951 

0.919 

0.939 

0.95 

0.34835x + 26.813 

22.4815x + 0.4882 

-61.1955x + 2.4603 

-0.0153x + 0.04016 

Type 1 

Type 2 

Type 3 

Type 4 

0.8 

0.00583 

0.03034 

0.03104 

0.0228 

2.5614 

1.3773 

1.5432 

2.211 

1.286 

1.385 

1.315 

1.305 

0.946 

0.903 

0.935 

0.939 

0.39039x + 66.894 

23.922x + 0.72601 

-32.215x + 1.5432 

-0.0228x + 0.05041 

Type 1 

Type 2 

Type 3 

Type 4 

1 

0.00219 

0.0235 

0.00882 

0.0029 

2.176 

0.968 

1.049 

1.5631 

1.366 

1.530 

1.486 

1.459 

0.912 

0.816 

0.846 

0.862 

0.4596x + 209.357 

43.9543x + 1.0324 

-113.26x + 1.049 

-0.0029x + 0.00453 

Type 1 

Type 2 

Type 3 

Type 4 

1.6 

Hematite 

0.00918 

0.00726 

4.817 

4.8012 

4.988 

5.062 

0.791 

0.741 

0.2077x + 22.625 

28.689x + 0.2083 

Type 1 

Type 2 
0.8 
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From table 3, it can be inferred that different 

linear modified Langmuir equations show 

different Langmuir constants, as indicated by 

variation in errors. In all cases of Kaolin, 

Smectite, Fluorite and Hematite, through the 

comparison of the four linearized modified 

Langmuir equations, it is observed that the 

Type-I linearized modified Langmuir equation 

showed a higher value of the correlation 

coefficient than that of the other three linearized 

equations(Type-II to IV), as shown in table 3.  

The adsorption capacities of various minerals 

differ with each other by changing the type of 

linearization. For example, the adsorption 

capacity of Kaolin was found to be 1.9139 

mg/m
2
 for Type-I linearized modified Langmuir 

(X = 1) and that of Type-II, III and IV are 1.943 

mg/m
2
, 1.6297 mg/m

2
 and 2.045 mg/m

2
, 

respectively. In other words, the transformation 

of a non-linear isotherm model to a linear 

isotherm model seems to implicitly alter the 

error functions, as well as the error variance and 

normality assumptions of the least-squares 

method [40, 46].   

Figure 2 indicates the R
2
 versus X for different 

mineral surfaces for the best fit (Type I). For 

Kaolin, Smectite, Fluorite and Hematite, it is 

apparent that the best linear fit, represented by 

the highest R
2
, is obtained when X is equal to 1, 

1, 0.8 and 1.6, respectively. Above or below the 

optimized X for each mineral surface, R
2
 

decreases from its maximum value. X = 1 shows 

that the adsorption isotherm follows the 

Langmuir isotherm. Therefore, Kaolin and 

Smectite follow the Langmuir isotherm, 

indicating that there is the monolayer formation 

of adsorbed asphaltenes onto the surface. In 

addition, for Fluorite, R
2
 is equal to 0.946 when 

X = 1 but R
2 

= 0.951 when X = 0.8. It indicates 

that there is a little deviation from the Langmuir 

isotherm. For Hematite, the maximum value of 

R
2
 occurs at X = 1.6, which is significantly 

higher than X = 1.0, indicating the multilayers 

formation of asphaltenes onto the surface. The 

Multilayer formation is closely related to the 

aggregate formation and precipitation of 

asphaltenes in the bulk [47]. For this mineral, 

the adsorption behavior is different, showing a 

lower adsorption for low concentrations of 

asphaltenes and a marked increase for 

intermediate concentrations. 

 

 
Fig. 2. R

2
 versus X for linear regression for 

different mineral surfaces 

 

Figures 3 and 4 give the plots of the comparison 

of the observed data for Fluorite, Smectite, 

Kaolin and Hematite at their optimum X with the 

experimental data. It is shown that there is good 

agreement between model and experimental 

values. For Smectite and Kaolin, X = 1 indicates 

that they follow the Langmuir isotherm. 

However, a high deviation from the Langmuir 

model for Hematite shows that it does not follow 

the monolayer adsorption.  

 

0.00881 

0.00667 

4.2811 

4.7961 

5.0005 

5.026 

0.721 

0.728 

-113.507x + 4.2811 

-0.00667x + 0.0319 

Type 3 
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Fig. 3. Modified Langmuir linearized isotherm 

model for Fluorite and Smectite at their 

optimum X 

 

 
Fig. 4. Modified Langmuir linearized isotherm 

model for Kaolin and Hematite at their optimum 

X 

 

For Fluorite, there is a little difference between 

R
2
 and RMSE of the two set of X = 0.8 and X = 

1. It means there is a slight surface heterogeneity 

and a tendency to ideal surface (0 for extremely 

heterogeneous, and 1 for an ideal homogeneous 

surface).  

Figures 5 and 6 present the scatter diagrams for 

mineral surfaces for linear regression. As 

mentioned above, there is a deviation between 

the model and the experimental values for 

Hematite at X = 1. Figures indicate overall 

favorable agreement between the predicted and 

the experimental data at optimum X for different 

mineral surfaces. 

 

 
Fig. 5. Scatter diagram for linear regression for 

Kaolin, Smectite and Fluorite 

 

 
Fig. 6. Scatter diagram for linear regression for 

Hematite 

 

In the present paper, to study the non-linear 

isotherm model, a GA was used to determine the 

non-linear coefficients. The optimized 

parameters (qmax, b and X) are shown in table 4. 

Accordingly, a plot of R
2
 versus X (fig. 7) and 

plots of the comparison of the observed data by 

non-linear models for Fluorite, Smectite, Kaolin 

and Hematite at their optimum X with the 

experimental data (figs. 8, 9) were drawn.  

 

Table 4. Non-linearized isotherm parameters 

Mineral 
qmax 

(mg/m2) 

K 

(dm3/mg) 
X RMSE R2 

Runtime 

Langmuir 

(sec) 

Kaolin 1.8008 0.00925 0.991 0.779 0.993 7.51 

Smectite 0.337 0.012005 1.395 0.894 0.99 7.32 

Fluorite 2.7398 0.009199 0.982 0.811 0.992 7.33 

Hematite 6.5981 0.00015 1.581 1.362 0.985 9.04 
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Fig. 7. R

2
 versus X for non- linear for different 

mineral surfaces 

 

The optimized coefficients for different surface 

minerals are shown in table 4. Figure 7 

demonstrates that for X for Kaolin, Smectite, 

Fluorite and Hematite the best values are 0.991, 

1.395, 0.982 and 1.581, respectively. In these 

optimized X, R
2 

is 0.993, 0.99, 0.992 and 

0.985and RMSE is 0.779, 0.894, 0.811 and 

1.362, respectively.  

 

 
Fig. 8. Modified Langmuir non-linearized 

isotherm models for Smectite and Fluorite at 

their optimum X 

 

 
Fig. 9. Modified Langmuir non-linearized 

isotherm models for Kaolin and Hematite at 

their optimum X 

 

From figs. 8 and 9, we conclude that the non-

linear isotherm models can fit experimental data 

better than linear regression. Kaolin and Fluorite 

follow the Langmuir isotherm. 

For Smectite, in linear regression, the optimum 

X was equal to1, which means that it followed 

the monolayer adsorption. However, in the non-

linear regression, the amount of X is optimized 

to 1.395, which indicates that there is some 

tendency to the multilayer adsorption. In 

addition, for X = 1, the amount of R
2
 is equal to 

0.973 which is 1.7% lower than the optimized 

value (for X = 1.395, R
2 
= 0.99).   

Figure 9 indicates that Hematite follow the 

multilayer adsorption, because the best result is 

attained at X = 1.581, while at X = 1, the 

amounts of R
2
 and RMSE are equal to 0.863 and 

4.029, respectively.  

Figures 10 and 11 present the scatter diagrams 

for mineral surfaces for the non-linear 

regression. They show good agreement between 

the predicted and experimental data.   

The comparison between the four types of 

linearized isotherm models and a non-linear 

isotherm for different mineral surfaces at their 

optimum X is shown in table 5. It is clear that 

among all the types of linear isotherms, type 1 is 

better than the others (highest R
2
 and lowest 

RMSE). However, a non-linear isotherm can fit 

experimental data better than a linear isotherm. 

The non-linear method is a better way to obtain 

the isotherm parameters. 

 

 
Fig. 10. Scatter diagram for non-linear isotherm 

for Kaolin, Smectite and Fluorite 
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Fig. 11. Scatter diagram for non-linear isotherm 

for Hematite 

 

 

Table 5. Comparison of linearized and non-

linearized isotherms 

 

 

When X is smaller than 1, the particular 

adsorbate/adsorbent system exhibits less 

concentration dependence; while, when X is 

greater than 1, the system experiences higher 

concentration dependence. In other words, to 

obtain the same level of surface coverage (or 

adsorption amount), the system of X<1 requires 

less amount of solute, while the X>1 system 

mandates more. Sometimes, X can be negative 

for some cases, which means that for X<0, the 

term (m-n) must be negative (i.e., m<n), which 

means the solute concentration effect upon 

desorption stage is stronger than that in 

adsorption stage [39].  

 

CONCLUSION 
The Langmuir isotherm was modified to fit the 

adsorption isotherm of asphaltene onto mineral 

surfaces. Langmuir-type 1 is the most-popular 

linear form which had the highest coefficient of 

determination compared with other Langmuir 

linear equations. However, it is always better to 

find the isotherm coefficients by non-linear 

method, and more practicable. The results of 

linear and non-linear isotherms indicate that 

Kaolin, Smectite and Fluorite follow the 

Langmuir isotherm, while Hematite mineral 

follows the multilayer adsorption isotherm. 

However, for Smectite, there is some tendency 

to the multilayer adsorption. 
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