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ABSTRACT. Let R be a ring. If we replace the original associative product of R with
their canonic Lie product, or [a,b] = ab−ba for every a,b in R, then R would be a Lie
ring. With this new product the additive commutator subgroup of R or [R,R] is a Lie
subring of R. Herstein has shown that in a simple ring R with characteristic unequal
to 2, any Lie ideal of R either is contained in Z(R), the center of R, or contains [R,R].
He also showed that in this situation the Lie ring [R,R]/Z[R,R] is simple. Here we
give an alternative matrix proof for these results. As we showed it seems that the
characteristic condition can be put on a smaller set of simple rings.

1. INTRODUCTION

If R is any associative ring, one can define in it a new multiplication which render
R into a Lie ring. This new multiplication, the Lie product, is defined by [a,b] =
ab−ba for all a,b in R, where ab is the original associative product of elements a and
b in R. We say an additive subgroup L of R is a Lie ideal of R if for any l ∈ L and
any r ∈ R their Lie product [r, l] or rl− lr is again in L. By this definition [R,R], the
additive group generated by the set of all additive commutators of R is a Lie subring or
more a Lie ideal of R. In [2,3] Herstein considered the Lie ideals of R in the particular
case where R is a simple associative ring with charR 6= 2 and proved that any Lie ideal
of R either is contained in Z(R), the center of R, or contains [R,R]. He also proved
that in this case the Lie ring [R,R]/Z[R,R] is simple. In this paper first we give a new
proof for these results using the matrix structure of a simple ring. We also show that
the restriction of characteristic can be modified a little to cover only the simple rings
M1(D) and M2(D), where D is division ring.

Historically, given a simple ring R = Mn(D), if R
′
= SLn(D), then Artin[1] gave a

theorem that any normal subgroup N of U(R) = GLn(D) is either central or R
′ ⊆ N.

He also proved that R
′
/Z(R

′
) is a simple ring. So one can guess that Herstein has

extended these results, analogously from a multiplicative version to a kind of additive
version.

In what follows D usually stand for a division ring with center F . Given a ring R,
then [R,R] denotes the additive commutator subgroup of R. The notation Ei j is used
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as for a matrix unit, or an n× n matrix with only one nonzero element 1 in (i, j)-th
position, where 1 ≤ i, j ≤ n. Also when 0 6= d ∈ D, then dEi j denotes a matrix with
only one nonzero element d in (i, j)-th position[4, p.109]. We also use the notation I
for the identity matrix.

2. MAIN RESULTS

In what follows we give a new proof for some of the classical Herstein’s results
as given above. Our proof is built up by 6 successive lemmas and two theorems as
follows:

Lemma 2.1. Let R = Mn(D) and let tr : R −→ D be the regular trace function on R.
Given E(D) = {dEi j, i 6= j, d ∈ D} ⊂ R, then we have

i. [R,R] = { A ∈Mn(D); tr(A) ∈ [D,D] },
ii. the set E(D) generates [R,R] as a Lie ring.

Lemma 2.2. Let R = Mn(D),n ∈ N, then Z[R,R] = {dI; d ∈ F ∩ [D,D]}.

Lemma 2.3. Let R = Mn(D), where either n = 1,2 and charD 6= 2 or n ≥ 3, then
[R,R] = [[R,R], [R,R]].

Lemma 2.4. Let R = Mn(D) for n = 2 when charD 6= 2 or n ≥ 3. Then the set of
matrices Ti = {(ars) ∈ [R,R];ais = 0, for all s 6= i} is a maximal Lie subring of [R,R].

Lemma 2.5. Let R = Mn(D) for n = 2 when charD 6= 2 or n≥ 3. Also let L be a Lie
ideal of [R,R] such that L 6⊂ Z[R,R], then for some i,(1 ≤ i ≤ n) we have: L + Ti =
[R,R].

Lemma 2.6. Let R = Mn(D) for n = 2 when charD = 2 or n≥ 3 and let Ti, for a fixed
i(1 ≤ i ≤ n) be as defined in Lemma 2.4, then Si, the Lie ring generated by the set
{dEri; d ∈ D,r 6= i}, is a Lie ideal of Ti, such that [R,R] =< { [Si,A]; A ∈ [R,R]} >.
In other words [R,R] is the Lie ideal closure of Si(the least Lie ideal containing Si).

Theorem 2.7. Let R = Mn(D), for either n = 1,2 and charD 6= 2 or n ≥ 3, then the
proper Lie ideals of [R,R] are precisely the Lie ideals of its center or Z[R,R], in other
words the factor Lie ring [R,R]/Z[R,R] is a simple Lie ring.

Theorem 2.8. Let R = Mn(D) and let either n = 1,2 when charD 6= 2 or n ≥ 3. If L
is a Lie ideal of R, then either L⊆ FI or [R,R]⊆ L.

Corollary 2.9. Let R = Mn(D) and let either n = 1,2 when charD 6= 2 or n ≥ 3. If
{L j, j ∈ J} is the family of all non-central Lie ideals of R, then

⋂
Li = [R,R].
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