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Abstract. We discuss the existence of the nonexpansive retrac-
tions onto the common fixed point sets of nonexpansive mappings.
In particular, we state the nonlinear ergodic theorems for right
amenable semigroups on strictly convex Banach spaces and gen-
eral Banach spaces with normal structure.

1. Introduction

Let E be a Banach space and C a nonempty closed and convex
subset of E. A mapping T : C → C is said to be nonexpansive if
‖Tx − Ty‖ ≤ ‖x − y‖, for all x, y ∈ C. A mapping T is said to
be retraction if T 2 = T. A subset F of C is called a nonexpansive
retraction of C if either F = ∅ or there exists a retraction from C onto
F which is a nonexpansive mapping. Let E be a real Banach space and
C be a subset of E. We shall say that C has the fixed point property
if every nonexpansive mapping T : C → C has a fixed point; C has
the conditional fixed point property if every nonexpansive mapping
T : C → C satisfies either T has no fixed point in C, or T has a fixed
point in every nonempty bounded closed convex T -invariant subset of
C. In 1973, Bruck [1] initiated the study of the structure of the fixed
point set F (T ) = {x : Tx = x} in a general Banach space E:
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Theorem 1.1. (Bruck [1973]) If C is a locally weakly compact convex
subset of E and T : C → C is nonexpansive and satisfies the conditional
fixed point property, then F (T ) is a nonexpansive retraction of C.

The same author used this fact to derive the existence of fixed points
for a commuting family of nonexpansive mappings:

Theorem 1.2. (Bruck [1974]) Suppose a closed convex subset C of
a Banach space has both the fixed point property and the conditional
fixed point property for nonexpansive mappings and C is either weakly
compact, or bounded and separable. Then for any commuting family ϕ
of nonexpansive mappings on C, the set of common fixed points of ϕ is
a nonempty nonexpansive retraction of C.

Takahashi [5] proved the existence of “ergodic retractions” for semi-
groups of nonexpansive mappings in a Hilbert space:

Theorem 1.3. (Takahashi [1981]) If S is an amenable semigroup, C
is a closed, convex subset of a Hilbert space H and ϕ = {Ts : s ∈ S} is a
nonexpansive semigroup on C such that the set F (ϕ) of common fixed
points of ϕ is nonempty, then there exists a nonexpansive retraction
P from C onto F (ϕ) such that PTt = TtP = P for each t ∈ S and
Px ∈ co{Ttx : t ∈ S} for each x ∈ C.

This result was extended to a uniformly convex Banach space by the
same author. The existence of such a retraction which commutes with
the Tt’s are investigated by some authors. However, it has been an
open problem whether Takahashi’s result can be fully extended to a
general Banach space for more general semigroups.

Recently, in [2, 3, 4], we extended the above mentioned results and
gave a partial answer to the still open problem of the existence of an
ergodic retraction for non-commutative semigroups in Banach spaces.

In this article, we discuss the existence of the nonexpansive retrac-
tions in more general cases. In particular, we state the nonlinear er-
godic theorems obtained recently in [2, 3, 4] for right amenable semi-
groups on strictly convex Banach spaces and general Banach spaces
with normal structure.

2. Main Results

The following theorems are our selected main results:
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Theorem 2.1. [3] If S is a right amenable semigroup and ϕ = {Ts :
s ∈ S} is a (quasi-)nonexpansive semigroup on a closed, convex subset
C in a strictly convex reflexive Banach space E such that F (ϕ) 6= ∅,
then there exists a (quasi-)nonexpansive retraction P from C onto F (ϕ)
such that PTt = TtP = P for each t ∈ S and every closed convex ϕ-
invariant subset of C is also P -invariant.

we recall that C has normal structure if any bounded convex subset
K of C which contains more than one point contains a point x0 such
that

sup{‖x0 − x‖ : x ∈ K} < diam(C) := sup{|x− y| : x, y ∈ C}.

Theorem 2.2. [2] Let C be a locally weakly compact convex subset of
a Banach space E, ϕ = {Ts : s ∈ S} be an amenable nonexpansive
semigroup on C, such that F (ϕ) 6= ∅. If C has normal structure, then
there exists a nonexpansive retraction P form C onto F (ϕ), such that
PTt = TtP = P for each t ∈ S, and every closed convex ϕ-invariant
subset of C is also P -invariant.

Theorem 2.3. [2] Let C be a locally weakly compact convex subset of
a Banach space E, ϕ = {Ti : i ∈ I} be a commuting family of nonex-
pansive mappings on C, such that F (ϕ) 6= ∅. If C has both the fixed
point property and the conditional fixed point property for nonexpansive
mappings, then there exists a nonexpansive retraction P from C onto
F (ϕ), such that PTi = TiP = P for each i ∈ I, and every closed convex
ϕ-invariant subset of C is also P -invariant.

We denote by Γ the set of all strictly increasing, continuous convex
functions γ : R+ → R+ with γ(0) = 0. For each γ ∈ Γ, a mapping
T : C → C is said to be of type (γ), if for every x, y ∈ C and λ ∈ [0, 1],

γ (‖λTx + (1− λ)Ty − T (λx + (1− λ)y)‖) ≤ ‖x− y‖ − ‖Tx− Ty‖.
Obviously, if T is of type (γ) for some γ ∈ Γ, then T is nonexpansive.
The following theorem is one of our main results for a non-commuting
family of mappings of type (γ).

Theorem 2.4. [4] Let C be a nonempty locally weakly compact convex
subset of a Banach space E and ϕ = {Ti}i∈I be a family of mappings
from C to C of type (γ) for γ ∈ Γ1. If ∪i∈IF (Ti) is contained in a
3-dimensional subspace of E, then F (ϕ) is a nonexpansive retraction
of C. Furthermore, if F (ϕ) is a nonempty subset of C which is not a
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line segment, then for each i ∈ I there exists a retraction Ri of type (γ)
from C onto F , such that RiTi = TiRi = Ri, and every closed convex
ϕ-invariant subset of C is also Ri-invariant.

In order to state our next result, we need the following notations:

l∞(E) = {(xi) : xi ∈ E, for all i ∈ I and ‖(xi)‖ = sup
i
‖xi‖ < ∞};

C̃ = {(xi) ∈ l∞(E) : xi ∈ C, for all i ∈ I}.
For a family {Ti}i∈I of non expansive mappings from C into C, the

mapping (Ti) : C̃ → C̃ will be defined as (Ti)(xi) = (Tixi), for all

(xi) ∈ C̃. For a subset K in E, when we consider K in l∞(E) we mean
that K is embedded in l∞(E) by x ↪→ (xi), where xi = x for all i ∈ I.

Theorem 2.5. [4] Let C be a weakly compact convex subset of a Banach
space E, ϕ = {Ti : C → C, i ∈ I} be a family of mappings of type (γ)
for some γ ∈ Γ1 and assume that either (F (ϕ))◦ 6= ∅ or ∪i∈IF (Ti) is
contained in a 3-dimensional subspace of E such that F (ϕ) 6= ∅ and
F (ϕ) is not a line segment. Then there exists a retraction R of type

(γ) from C̃ onto F (ϕ) ⊂ l∞(E) such that Ro(Ti) = (Ti)oR = R and
every closed convex ϕ-invariant subset of C is R-invariant in l∞(E).
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