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Abstract. Let A be a maximal commutative von Neumann al-
gebra acting (non-degenerately) on a separable Hilbert space, let
M be a pre-Hilbert A-module and N be a Hilbert A-module. In
this talk, we show that for each mapping f : M→N satisfying

‖ | 〈f(x), f(y)〉 | − | 〈x, y〉 | ‖A ≤ ϕ(x, y) (x, y ∈M),

where ϕ is a control function, there exists a solution I : M → N
of the Wigner equation

| 〈I(x), I(y)〉 | = | 〈x, y〉 | (x, y ∈M)

such that

‖f(x)− I(x)‖N ≤
√

ϕ(x, x) (x ∈M).

1. Introduction

In this talk, we establish a perturbation result as a link between two
interesting topics of mathematics: Hilbert C∗-modules and stability of
functional equations.

If A is a von Neumann algebra, we call a Hilbert module over A a
W ∗-module.

Let X denotes a right Hilbert module over a von Neumann algebra A
acting (non-degenerately) on a Hilbert space H. We define the Hilbert
space K = X �H as the interior tensor product over A of the natural
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C-A-bimodule X and the natural A-C-bimodule H together with the
inner product

〈x1 � ξ1, x2 � ξ2〉 = 〈ξ1, 〈x1, x2〉ξ2〉 (x1, x2 ∈ X , ξ1, ξ2 ∈ H).

The equality x � aξ = xa � ξ holds for all x ∈ X , a ∈ A, ξ ∈ H.
Moreover, every x ∈ X gives rise to a mapping Lx : ξ 7→ x � ξ in
B(H,K) and it is easy to verify that Lxa = Lxa and L∗xLy = 〈x, y〉
for all x, y ∈ X , a ∈ A. We may therefore identify X as a concrete
submodule of B(H,K).

We will be considering the Wigner equation

(W) | 〈I(x), I(y)〉 | = | 〈x, y〉 | (x, y ∈M),

where I : M→ N is a mapping between Hilbert W ∗-modules M and
N .

We say that two mappings f, g : M → N are phase-equivalent if
and only if there exists a scalar valued mapping ξ : M→ C such that
|ξ(x)| = 1 and f(x) = ξ(x)g(x) for all x ∈ M. The equation (W) has
been introduced already in 1931 by E. P. Wigner [5] in the realm of
(complex) inner product spaces. The classical Wigner’s theorem stat-
ing that a solution of (W) has to be phase-equivalent to a unitary or
antiunitary operator has deep applications in physics (quantum me-
chanics). Recently, Wigner’s result has been studied in the realm of
Hilbert modules — cf. e.g. [2].

Now, we are going to prove the stability of the Wigner equation for
Hilbert modules over a maximal commutative von Neumann algebra.
Note that such an extension for the related orthogonality equation

〈I(x), I(y)〉 = 〈x, y〉

has been recently established for Hilbert C∗-modules; see [1, 3, 4] and
references therein.

2. Stability of the Wigner equation in Hilbert W ∗-modules

Suppose that we are given a control mapping ϕ : M×M → [0,∞)
satisfying, with some constant 0 < c 6= 1, the condition

(1) lim
m + n→∞

m, n ∈ N

cm+nϕ(c−mx, c−ny) = 0 (x, y ∈M).
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We say that a mapping f : M → N approximately satisfies the
Wigner equation if

(Wϕ) ‖ | 〈f(x), f(y)〉 | − | 〈x, y〉 | ‖A ≤ ϕ(x, y) x, y ∈M.

The question we would like to answer is if each solution of (Wϕ) can be
approximated by a solution of (W) in the framework of Hilbert modules
over maximal commutative von Neumann algebras.

Throughout the rest of paper, let A be a maximal commutative von
Neumann algebra acting on a separable Hilbert space H. It is known
that for a such von Neumann algebra there are a second countable
compact Hausdorff space Ω and a positive regular Borel measure µ
such that

A ∼= L∞(Ω) ∼= {MF : F ∈ L∞(Ω)} ⊆ B(L2(Ω)),

where MF : L2(Ω) −→ L2(Ω) is defined by MF (G) = FG, (G ∈
L2(Ω)). Furthermore, A has a (topological) cyclic vector ξ0 ∈ H, i. e.
the closed linear span of Aξ0 is H.

Note that in the case we have function F0 in L2(Ω) is acyclic vector
for L∞(Ω), if and only if it does not vanish on a set of positive measure.

We are able to prove the main result of the paper.

Theorem 2.1. Let M be a pre-Hilbert A-module and N be a Hilbert
A-module. Then, for each mapping f : M→ N satisfying (Wϕ) there
exists a solution I : M→N of (W) such that

‖f(x)− I(x)‖N ≤
√

ϕ(x, x) (x ∈M).
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[1] Lj. Arambasić, D. Bakić, M.S. Moslehian, A characterization of Hilbert C*-
modules over finite dimensional C∗-algebras, To appear in Oper. Matrices.
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