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Abstract. Let S and T be semigroups and S×T be considered
as a Zappa product of them. Also let F be a C∗-subalgebra of
bounded continuous complex-valued functions on S×T (Zappa).
In this work necessary and sufficient conditions are given for F-
compactification of S×T (Zappa) to be expressible as a Zappa
product of compactifications of S and T.

1. Introduction

Let S and T be semigroups with identity. Let σ: T×S −→S and τ :
S×T −→T be mappings such that for every s, ś ∈ S and t, t́ ∈ T :
i) σ(t, σ(t́, s)) = σ(tt́, s)
ii) τ(s, τ(ś, t)) = τ(śs, t)
iii) σ(t, sś) = σ(t, s)σ(τ(s, t), ś)
iv) τ(s, tt́) = τ(σ(t́, s), t)τ(s, t́)
then S×T with the multiplication (s, t)(ś, t́) = (sσ(t, ś), τ(ś, t)t́) is a
semigroup, which is called Zappa product of S and T. If the mappings
σ, and τ are shown as σ : T −→ SS and τ : S −→ T T , and we write σt,
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τs instead of σ(t), τ(s), then the first and second conditions mean, re-
spectively, that σ is a homomorphism and τ is an antihomomorphism.
In the sequel we assume that S and T are (at least) semitopological
semigroups and that S×T (Zappa) has the product topology and it is
a semitopological semigroup, which imposes some continuity require-
ments on the mappings σ and τ (e. g., they must be separately contin-
uous). If S, T and S×T (Zappa) are topological semigroups, then the
mappings σ and τ must be jointly continuous.
Let Ś and T́ be (right topological semigroup) compactifications of S
and T, respectively. We present necessary and sufficient conditions for
an F-compactification of S×T (Zappa) to be expressible as a Zappa

product of Ś and T́ .
This paper is organized as follows: In Section 2 we present notations
and terminologies. In section 3 we give necessary and sufficient condi-
tions for an F-compactification of S×T (Zappa) to be expressible as a

Zappa product of Ś and T́ . In section 4 we study the relations between
S×T (Zappa), S×T (SEF)[2], S×T (semidirect)[3] and S×T (direct)[3].

2. Preliminaries

Let S and T be semigroups with the identity e. If the mappings σ
and τ also satisfy the following conditions: σ(e, s) = s, σ(t, e) = e,

(s ∈ S, t ∈ T )
τ(e, t) = t, τ(s, e) = e,

then it is easy to verify that (e, e) is identity for S × T (Zappa).
A compactification of a semitopological semigroup S is a compact,
Hausdorff, right topological semigroup Ś together with a continuous
homomorphism εŚ : S −→ Ś (the compactification map) such that

the image εŚ(S) is dense in Ś and for each s ∈ S the mapping ś 7→
εŚ(s); ś : Ś −→ Ś is continuous. The phrase ‘right topological ’means

that the map ś −→ śt́, ś : Ś −→ Ś is continuous for each t́ ∈ Ś.
Let C(S) denote the C∗-algebra of bounded, continuous, complex-valued

functions on S, and let ε∗
Ś

: C(Ś) −→ C(S) be the dual map of

εŚ : S −→ Ś. The C∗-subalgebra F=ε∗
Ś
(C(Ś)) of C(S) is called the
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function space of the compactification Ś. F is easily seen to be m-
admissible. Conversely, if A is an m-admissible C∗-subalgebra of C(S),
then the spectrum SA of A is a compactification of S [1].

3. Compactification of S× T (Zappa)

Let S and T be semitopological semigroups with identity e, and let
G=S× T (Zappa) (always with the product topology ). We suppose
that q1 : S −→ G and q2 : T −→ G denote the canonical injections,
and p1 : G −→ S and p2 : G −→ T denot the projection mappings.
Note that in Zappa product case q1 and q2 are homomorphisms, in the
(SEF) case, q1 and p2 are homomorphisms, in the semidirect product
case q1,q2 and p2 are homomorphisms, and in the direct product case
all four mappings are homomorphisms.

Theorem 3.1. Let f be an m-admissible C∗-subalgebra of C(G) and let
A and B denote, respectively, the C∗-subalgebras q∗1(F ) and q∗2(F ).
Suppose the following conditions hold:
a) A and B are m-admissible;
b) p∗1(A) ⊂ F and p∗2(B) ⊂ F ;
c) For each f ∈ F either f(S,.) or f(.,T) is relatively compact.

Then there exists a multiplication on SA × TB relative to which
SA × TB is a compactification of G isomorphic to GF . Conversely,
if Ś and T́ are compactifications of S and T, respectively, and if Ǵ:=
Ś × T́ has a multiplication such that Ǵ and GF are isomorphic com-
pactificatins of G, then the conditions (a)-(c) hold and A=ε∗

Ś
(C(Ś))

and B=ε∗
T́
(C(T́ )).

The above theorem is proved in [3] for semidirect product. Also the
(SEF) product case is considered in [2].

Theorem 3.2. Let Ś and T́ be compactifications of S and T. We sup-
pose that Ǵ = Ś × T́ has a multiplication, relative to that, Ǵ is a com-
pactification of G=S×T with Zappa product. If Ś and T́ are topological
semigroups then Ǵ will be Zappa product of Ś and T́ .
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4. Relations between Zappa product with other products

Let S and T be semigroups and S×T be Zappa product of S and T.
If τ : S −→ T T is identity then S×T changes to semidirect product
and moreover, if σ : T −→ SS is identity then S×T changes to direct
product.
Now, if σ : T −→ SS is identity then S×T (Zappa) changes to a
new product, which we call it semi-Zappa product. In this product
in addition to canonical injection mappings q1 and q2, the projection
mapping p1 is a homomorphism.
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