
 

 

https://sid.ir/1790
https://sid.ir/1797
https://sid.ir/1798
https://sid.ir/1799
https://sid.ir/1800
https://sid.ir/1788
https://sid.ir/1703
https://sid.ir/1706
https://sid.ir/1708
https://sid.ir/1707
https://sid.ir/1789


The 18th Seminar on Mathematical Analysis and its Applications

26-27 Farvardin, 1388 (15-16 April, 2009) pp 158-161

Tarbiat Moallem University

ESSENTIAL SPECTRAL RADIUS OF
ENDOMORPHISMS OF CERTAIN

UNIFORM ALGEBRAS

H. Mahyar

Faculty of Mathematical Sciences and Computer
Tarbiat Moallem University

mahyar@saba.tmu.ac.ir

Abstract. Let X be a compact plane set with a nonempty inte-
rior and A(X) denote the uniform algebra of all continuous complex-
valued functions on X which are analytic on intX. Let B be a nat-
ural uniform subalgebra of A(X). In this note, for certain compact
plane sets X, we first estimate the essential norm of an endomor-
phism T of B. Then we show that the essential spectral radius of T
is either 0 or 1. Using this result, we prove that every quasicompact
endomorphism of B is power compact.

1. Introduction

Let X be a compact plane set with a nonempty interior and A(X)
denote the uniform algebra of all continuous complex-valued functions
on X which are analytic on intX. Our immediate motivation stems
from the paper of L. Zheng [5], in which she shows that for an analytic
self-map ϕ of the open unit disk D, the composition operator Cϕ on
H∞(D), the space of bounded analytic functions on D, has essential
spectral radius either 0 or 1. In 2006, P. Gorkin and R. Mortini [4]
have extended Zheng’s work. For more related work, see also [3]. In
this note we prove Zheng’s result for a natural uniform subalgebra B
of A(X) when X is a certain compact plane set. We first estimate the
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essential norm of an endomorphism T of B. Then it is shown that the
essential spectral radius of an endomorphism of B is either 0 or 1. This
leads to an important corollary about quasicompact endomorphisms of
B.

2. Essential spectral radius

It is well known that, if B is a natural uniform algebra on a compact
Hausdorff space X and T is a unital endomorphism of B, then there
exists a self-map ϕ on X such that Tf = f ◦ϕ for all f ∈ B. Conversely,
if ϕ is a self-map on X such that for every f ∈ B, f ◦ ϕ ∈ B, then
T : f 7→ f ◦ϕ is an endomorphism of B. In each case, we say that T is
induced by ϕ. Thus any unital endomorphism T of B can be regarded
as a composition operator Tϕ, and conversely any composition operator
on B is a unital endomorphism. If X is a compact plane set and B
contains the coordinate map z, then obviously ϕ ∈ B. Since every
uniform algebra is semi-simple, it follows that T is necessarily bounded.

For convenience, we recall some notions which we require in the
sequel [1]. If E is a Banach space, we denote by B(E) the Banach space
of all bounded linear operators on E, and by K(E) the Banach space of
all compact operators on E. The essential norm of T ∈ B(E), denoted
by ‖T‖e, is the norm of T +K(E) in the Calkin algebra B(E)/K(E),

‖T‖e = dist(T,K(E)) = inf{‖T−K‖ : K is a compact operator on E}.

Clearly, T is compact if and only if its essential norm is zero. The
essential spectral radius ρe(T ) of T ∈ B(E) is given by the formula

ρe(T ) = lim
n→∞

(‖T n‖e)
1
n = lim

n→∞
‖T n +K(E)‖

1
n = lim

n→∞
(dist(T n,K(E)))

1
n .

The operator T ∈ B(E) is called quasicompact if ρe(T ) < 1. Thus
T is quasicompact if and only if dist(T n,K(E)) < 1 for some n ∈ N.
If TN is compact for some positive integer N , then T is called power
compact.

Let X be a compact plane set with a nonempty interior. Let B
be a natural uniform subalgebra of A(X). In [2], it has been proved
that, if a self-map ϕ of X is constant or ϕ(X) ⊆ intX, then ϕ induces
a compact endomorphism of B, and the converse is true for certain
compact plane sets X. Here, using these results, we first estimate
the essential norm of an endomorphism T of B, then determine the
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essential spectral radius of T and conclude that every quasicompact
endomorphism of B is power compact.

We now introduce the type of plane sets which we require [2].

Definition 2.1. A compact plane set X has peak boundary with respect
to B ⊆ C(X) if for each c ∈ ∂X there exists a non-constant function
h ∈ B such that ‖h‖X = h(c) = 1.

For example, the closed unit disk D̄ and D̄(z0, r)\∪n
k=1D(zk, rk) have

peak boundaries with respect to A(X), where closed disks D̄(zk, rk) are
mutually disjoint in D(z0, r) = {z ∈ C : |z − z0| < r}. To give more
general examples we need the following definition.

Definition 2.2. A plane set X has an internal circular tangent at
c ∈ ∂X if there exists a disk D such that c ∈ ∂D and D̄\{c} ⊆ intX.
A plane set X has smooth boundary if it has an internal circular tangent
at each point of its boundary.

If X is a compact plane set such that C \X has smooth boundary,
then X has peak boundary with respect to A(X). For this, suppose
c ∈ ∂X. Then there exists a disk D = D(z0, r) such that c ∈ ∂D and

D̄ \ {c} ⊆ C \X. The function h(z) =
c− z0

z − z0

satisfies the definition of

peak boundary.
As mentioned before, if a self-map ϕ of X is constant or ϕ(X) ⊆

intX, then ϕ induces a compact endomorphism of B. These conditions
are necessary as follows.

Theorem 2.3. [2, Theorem 2.3] Let Ω be a bounded domain in the
plane and X = Ω. Let B be a natural uniform algebra on X such that
B ⊆ A(X) and let X have peak boundary with respect to B. If T is a
nonzero compact endomorphism of B induced by ϕ, then ϕ is constant
or ϕ(X) ⊆ intX

Using this theorem we conclude the main results of this paper below.
In the next three theorems, we assume that Ω is a bounded domain in
the plane, X = Ω and B is a natural uniform subalgebra of A(X) such
that, either C\X has smooth boundary and B contains the coordinate
function z, or X has peak boundary with respect to B.

Theorem 2.4. Let T be a non compact endomorphism of B. Then the
essential norm of T is greater than 1

2
.
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Theorem 2.5. Let T be an endomorphism of B. Then the essential
spectral radius of T is either 0 or 1.

Theorem 2.6. Every quasicompact endomorphism of B is power com-
pact.
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