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Abstract. Let (A, ‖.‖) be a unital C∗ algebra. We show that
a norm |||.||| on A is unitarily invariant if and only if for every
normal elements a and c and arbitrary element b the inequality
|||abc||| ≤ ‖a‖ |||b||| ‖c‖ is satisfied.

1. Introduction

Let (A, ‖.‖) be a unital C∗ algebra and Mn denotes the algebra of
n times n matrices with complex entries. Singular values of a matrix
A ∈ Mn which are arranged in decreasing order is displayed by σ1(A) ≥
· · · ≥ σn(A) ≥ 0. A norm on Mn is unitarily invariant if ‖UAV ‖ = ‖A‖
for all unitary matrices U, V ∈ Mn and all A ∈ Mn. Typical examples
of unitarily invariant norms are Ky Fan k-norms defined by

Nk(A) = σ1(A) + · · ·+ σk(A), A ∈ Mn, k = 1, . . . , n,

and Schatten p-norms ‖.‖p (0 < p ≤ ∞) defined by

‖A‖p = (
n∑

i=1

σi(A)p)
1
p .

some characterizations of unitarily invariant norms can be seen in [1-
3]. A norm v on Mn is called symmetric if for every A, B, C ∈ Mn

the inequality v(BAC) ≤ σ1(B)v(A) ≤ σ1(C) holds. A norm on Mn
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is unitarily invariant if and only if it is symmetric [4, Proposition IV.
2. 4]. For a unital C∗ algebra A, an element u ∈ A is called unitary,
if uu∗ = u∗u = 1. Also a ∈ A is normal if aa∗ = a∗a. A norm on
A is unitarily invariant if for every unitary elements u, v and arbitrary
element a, the equality ‖uav‖ = ‖a‖ holds.

2. Main result

Theorem 2.1. Let (A, ‖.‖) be a unital C∗ algebra. A norm |||.||| on
A is unitarily invariant if and only if for every normal elements a and
c and arbitrary element b the inequality |||abc||| ≤ ‖a‖ |||b||| ‖c‖ is
satisfied.
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