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Abstract. In 1987 Bade, Curtis and Dales showed that there
exists a linear isometry from (lip(X, α), ‖.‖α)∗∗ onto the Lipschitz
algebra (Lip(X, α), ‖.‖α). In this paper, we introduce new classes
of Lipschitz algebras Lip(X, K,α) and lip(X, K,α), consisting of
those continuous complex-valued functions f on X such that f |K ∈
Lip(K, α), lip(K, α), respectively, and determine the second dual
of lip(X, K,α), where 0 < α < 1.

1. Introduction

Let Ω be a locally compact Hasdorff space. The linear space of all
continuous (bounded continuous) complex-valued function on Ω is de-
noted by C(Ω) (Cb(Ω), respectively). By taking ‖h‖Ω = sup{|h(z)| :
z ∈ Ω} (h ∈ Cb(Ω)), (Cb(Ω), ‖.‖Ω) is a Banach space. The set of
all continuous complex-valued functions on Ω which vanish at infin-
ity, is denoted by C0(Ω). Then C0(Ω) is a closed linear subspace of
(Cb(Ω), ‖.‖Ω). Clearly, C0(Ω) = Cb(Ω) = C(Ω) when Ω is compact.
We denote by M(Ω), the linear space of all complex regular Borel mea-
sures on Ω and set ‖µ‖ = |µ|(Ω) (µ ∈ M(Ω)) where |µ| is the total
variation of µ. Then (M(Ω), ‖.‖) is a Banach space.
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Let (X, d) be a compact metric space and α > 0. The algebra of all
complex-valued functions f on X for which

pα(f) = sup
{ |f(z)− f(w)|

(d(z, w))α
: z 6= w , z, w ∈ X

}
< ∞,

is denoted by Lip(X, α). If we set ‖f‖α = ‖f‖X+pα(f)(f ∈ Lip(X, α)),
then (Lip(X, α), ‖.‖α) is a commutative Banach algebra, which is called
the Lipchitz algebra of order α on X. The set of all complex-valued

functions f on X for which |f(z)−f(w)|
(d(z,w))α −→ 0 as d(z, w) −→ 0 , is a

closed subalgebra of the Lipschitz algebra (Lip(X, α), ‖.‖α) , which is
denoted by lip(X,α) and called the little Lipschitz algebra of order α
on X. The Lipschitz algebras Lip(X, α) for α ∈ (0, 1] and lip(X, α)
for α ∈ (0, 1), are Banach function algebras on X. Extensive study
of Lipschitrz algebras started with Sherbert [4], [5]. T.G. Honary and
S. Moradi introduced a new class of analytic Lipschitz algebras in the
plane in 2007 [3].
In this paper we introduce more general classes of Lipschitz algebras
for a compact metric space (X, d) and determine some properties of
them.

Definition 1.1. Let K be a nonempty closed subset of the compact
metric space (X, d) and let α be a positive number. For each f ∈ C(X),
set

pα,K(f) := pα(f |K) = sup
{ |f(z)− f(w)|

(d(z, w))α
: z 6= w, z, w ∈ K

}
.

We denote by Lip(X, K, α) the set of all f ∈ C(X) for which f |K ∈
Lip(K,α) and by lip(X,K, α) the set of all f ∈ C(X) for which f |K ∈
lip(K, α).

It is easy to see that Lip(X, K, α) under the norm

‖f‖α,K := ‖f‖X + pα,K(f) (f ∈ Lip(X,K, α))

is a Banach function algebra when 0 < α ≤ 1 and (lip(X, K, α), ‖.‖α,K)
is also a Banach function algebra on X, when 0 < α < 1.

Let (X, d) be a compact metric space and let K be a nonempty
subset of X which is compact in (X, d). We set

∆(K) := {(x, y) ∈ K ×K : x = y}, V (K) := (K ×K)\∆(K),

W (X,K) := X ∪ V (K), W (X) := W (X, X).
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Obviously, W (X, K) is a locally compact Hausdorff space. It is clear
that Cb(W (X, K)) is a Banach space under the norm |||h||| = ‖h|X‖X+
‖h|V (K)‖V (K) (h ∈ Cb(W (X, K))), and C0(W (X, K)) is its closed
subspace. Also by taking

|||µ||| = max{|µ|(X), |µ|V (K)} (µ ∈ M(W (X,K))),

(M(W (X, K)), |||.|||) is a Banach space. By applying the Riesz’s rep-
resentation theorem, we obtain the following result which is a general-
ization of [1; Theorem A] and it is proved with the same method.

Theorem 1.2. For every Ψ ∈ (C0(W (X,K), |||.|||)∗ there exists a
unique measure µ ∈ M(W (X, K)) such that

Ψ(h) =

∫
W (X,K)

hdµ (h ∈ C0(W (X, K)))

and |||µ||| = |||Ψ|||, where

|||Ψ||| = sup{|Ψ(h)| : h ∈ C0(W (X,K)), |||h||| ≤ 1}.

Definition 1.3. Take α with 0 < α < 1. For f ∈ C(X), the complex-
valued function θX,K(f) on W (X, K), which is defined by

(∗)
{

θX,K(f)(z) = f(z) z ∈ X

θX,K(f)(z, w) = f(z)−f(w)
(d(z,w))α (z, w) ∈ V (K),

is called de Leeuw’s extension of f on W (X, K). We denote θX,K(f)

by f̃ , when K = X. Note that θX,K(f) ∈ Cb(W (X,K)), for each
f ∈ Lip(X,K, α).

Theorem 1.4. Take α with 0 < α < 1 and define the map θX,K :
Lip(X, K, α) → Cb(W (X, K)) by (∗). Then

(i) θX,K is a linear map and |||θX,K(f)||| = ‖f‖α,K(f ∈ Lip(X, K, α)).
(ii) θX,K(Lip(X,K, α)) is a closed subspace of (C0(W ), |||.|||).
(iii) For each Φ ∈ (lip(X, K, α), ‖.‖α,K)∗, there exists µ ∈ M(W (X,K))

with

Φ(f) =

∫
W (X,K)

θX,K(f) dµ (f ∈ lip(X,K, α))

such that |||µ||| = ‖Φ‖.
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2. Second Dual of lip(X, K, α)

Bade, Curtis and Dales determined the second dual of lip(X,α) when
0 < α < 1 in [2]. We shall determine the second dual of lip(X,K, α)
when 0 < α < 1.

We now generalize the Lemma [2; 3,4] as the follows

Lemma 2.1. Let µ be a regular Borel measure on W (X, K) such that∫
W (X,K)

θX,K(f)dµ = 0 (f ∈ lip(X, K, α)).

Then
∫

W (X,K)
θX,K(h)dµ = 0 (h ∈ Lip(X, K, α)).

Theorem 2.2. Let A = lip(X, K, α).

(i) For each Λ ∈ A∗∗, the function τ(Λ) : X −→ C, which is defined
by

τ(Λ)(z) = Λ(φz) (z ∈ X),

is in Lip(X, K, α) and moreover ‖τ(Λ)‖α,K ≤ 2‖Λ‖.
(ii) If π : A −→ A∗∗ is the canonical embedding , then

τ(π(f)) = f (f ∈ A).

(iii) The map τ : A∗∗ −→ Lip(X, K, α), which is defined by

τ(Λ)(z) = Λ(Φz) (Λ ∈ A∗∗, z ∈ X),

is a linear isometry from A∗∗ onto (Lip(X, K, α), ‖.‖α,K).
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