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Abstract. In 1986 Hagler and Azimi introduced a class of hered-
itarily l1 Banach spaces which fail the Schur property. Then, Azimi
extended these spaces to a class of hereditarily lp Banach spaces
for 1 ≤ p < ∞ and we use these spaces to introduce a new class of
hereditarily lp(c0) Banach spaces analogous of the space of Popov.
In particular, for p = 1 these spaces are further examples of hered-
itarily l1 Banach spaces failing the Schur property. In this paper
we show for 1 ≤ p < ∞, this spaces are dual spaces and fail the
Dunford-Pettis property and for p = 1, contain asymptotically iso-
metric copies of l1.

1. Introduction

A class of hereditarily l1 Banach spaces has been introduced by Ha-
gler and Azimi, which among the other interesting properties fails the
Schur property [3]. Then Azimi extended these spaces to a new class of
hereditarily lp Banach spaces, Xα,p [1]. In 2005, Popov constructed a
new class of hereditarily l1 subspace of L1 without the Schur prop-
erty and generalized his result to a class of hereditarily lp Banach
spaces. In [4] we used the Xα,p spaces to introduce and study a new
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36 A. AHMADI LEDARI AND H. TAHERI

class of hereditarily lp spaces, analogous of the space of Popov. In-
deed, if p1 > p2 > ... > 1, the subspace Zp for p ∈ [1,∞) ∪ {0} of
Xp = (

∑∞
n=1⊕Xα,pn)

p
is hereditarily lp(c0). In particular, we showed

that for p = 1 the spaces are further examples of hereditarily l1 Banach
spaces which fail the Schur property. This would be the fourth exam-
ple of this type. The first was constructed by J. Bourgain, the second
by Hagler and Azimi, and the third by Popov. In [4] we showed the
Banach spaces Xα,p for 1 ≤ p < ∞ contains asymptotically isometric
copies of lp. In this paper we show that Z1 contains asymptotically
isometric copies of l1. For p ≥ 1, Zp is a dual space and fails the
Dunford-Pettis property.

Before we define this new class of spaces let to recall the definition of
the Xα,p. Let α = (αi) be a sequence of reals in [0, 1] ( whose terms are
used as weighting factor in the definition of the norm) which satisfies
the following properties:

(1) 1 = α1 ≥ α2 ≥ ... > 0,
(2) limi αi = 0,
(3)

∑∞
i=1 αi = ∞.

By a block F we mean an interval (finite or infinite) of integers.
For a block F and x = (t1, t2, ...) a sequence of scalars such that

∑
j tj

converges, define < x, F >=
∑

j∈F tj. A sequence F1, F2, ..., Fn, ...where
each Fi is a finite block is admissible if

max Fi < min Fi+1 for i = 1, 2, 3, ...

For x = (t1, t2, ...) a finitely nonzero sequence of scalars, define

‖ x ‖= max (
∑n

i=1 αi |< x, Fi >|p)
1
p ,

where the max is taken over all n and admissible sequences F1, F2, ..., Fn

and 1 ≤ p < ∞. Then Xα,p is the completion of the finitely nonzero
sequences of scalars x = (t1, t2, ...) in this norm. For further information
concerning these spaces, referred to [1] and [3].

Now we go through the construction of spaces Xp analogous of the
space of Popov. Let α be a fixed sequence, and (Xα,pn)∞n=1 a sequence
of Banach spaces as above with ∞ > p1 > p2 > ... > 1. The direct sum
of these spaces in the sense of lp is defined as the linear space

Xp = (
∑∞

n=1⊕Xα,pn)p

with p ∈ [1,∞) which is the space of all sequences x = (x1, x2, ...) ,
xn ∈ Xα,pn , n = 1, 2, ... with
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‖ x ‖p= (
∑∞

n=1 ‖ xn ‖p
α,pn

)
1
p < ∞.

The direct sum of spaces (Xα,pn) in the sense of c0 is the linear space

X0 = (
∑∞

n=1⊕Xα,pn)0

of all sequences x = (x1, x2, ...) , xn ∈ Xα,pn , n = 1, 2, ...for which
limn ‖ xn ‖α,pn= 0 with the norm

‖ x ‖0= maxn ‖ xn ‖α,pn .

In fact these spaces are a rich class of spaces which depend on the
sequences α = (αi) and (pn) as above.

Fix a sequence (αi) of reals which satisfies the above conditions, and
a sequence (pn) of reals with ∞ > p1 > p2 > ... > 1. Consider the
sequence space Xp as above. For each n ≥ 1, denote by ( ei,n)∞i=1 the
unit vector basis of Xα,pn similar to usual unit vector basis of l1 and
by (ei,n)∞i=1 its natural copy in Xp :

ei,n = (0, ...0︸ ︷︷ ︸
n−1

, ei,n, 0, ...) ∈ Xp.

Let δn > 0 and ∆ = (δn) such that
∑∞

i=1 δp
n = 1 if p ≥ 1, and

limnδn = 0 and maxn δn = 1 if p = 0. For each i ≥ 1 put zi =∑∞
n=1 δnei,n. Let Zp be the closed linear span of (zi)

∞
i=1. For each I ⊆ N

the projection PI denotes the natural projection of Xp onto [ei,n : i ∈
N, n ∈ I] and denote Qn = P{n,n+1,...}.

Here is the main result of [5].

Theorem 1.1. (i) the Banach space Zp is hereditarily lp for p > 1.
(ii) for p = 1 the space Z1 is hereditarily l1 and fails the Schur

property.
(iii) The space Z0 is hereditarily c0.

2. Main Results

Lemma 2.1. Let {εs} be a real decreasing sequence such that 0 < εs ≤
1 for all s. There exist a sequence {us} of S(Z1) and a sequence of
integers 1 ≤ n1 < n2 < ... such that

(i) ||us −Qnsus|| ≤ εs

4
;

(ii) ||Qns+1us|| ≤ εs

4
.

Theorem 2.2. Z1 contains asymptotically isometric copies of l1.

Theorem 2.3. The sequence (zi) is a normalized boundedly complete
basis for Zp(1 ≤ p < ∞). Thus Zp is a dual space.
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Theorem 2.4. The Banach space Zp (1 ≤ p < ∞) fails the Dunford
Pettis property.
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