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Abstract In poorly developed fractured rocks, the contribution of individual fracture on rock conductivity
should be considered. However, due to the lack of data, a deterministic approach cannot be used. The
conventional way to model discrete fractures is to use a Poisson process, with prescribed distribution, for
fracture size and orientation. Recently, a stochastic approach, based on the idea that the elastic energy due
to fractures follows a Boltzmanndistribution, has been used to generate realizations of correlated fractures
in two dimensions. The elastic energy function has been derived by applying the appropriate physical laws
in an elastic medium. The resulting energy function has been used in the simulated annealing algorithm
to generate the realizations of two dimensional fracture networks. The main contribution of this work is
to extend this technique to 3D, and to better incorporate geological field observations. In 3D, the method
has adjusted the orientation of fractures to three orthogonal sets. Moreover, we investigate the effects of
boundary condition, fracture size distribution, and the anisotropy of the medium. We have observed that
far field stress can control the orientation of fractures. As a result, this fracture modeling technique can be
used to stochastically generate sub-seismic fractures.

© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V. All rights reserved.

1. Introduction

The geometrical modeling of a subsurface fracture system
is of great importance in the characterization of fractured
reservoirs. However, due to the lack of true 3D data about
the subsurface fracture geometry (especially for sub seismic
fractures), stochastic approachesmay be used. Underground oil
and gas reservoirs are fractured to some extent. In so called
fractured reservoirswith lowmatrix permeability, the nature of
the fluid flow is strongly dependent on the spatial distribution
of existing fractures. These fractures can be observed over a
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E-mail addresses:masihi@sharif.edu (M. Masihi),

masood.sobhani@gmail.com (M. Sobhani).

wide range of scales, frommicro-fractures to regional fractures
with sizes of hundreds of meters. Fractures can act as high
permeability flow paths or as flow barriers. It is sometimes
necessary to model fractures explicitly, as by this discrete
representation of fractures, the true connectivity of reservoirs
can be evaluated.

In practice, it is difficult to rely on a single deterministic
fracture model, as the characterization of subsurface fractures
includes a large number of unknowns and a high degree
of uncertainty. It is, thus, necessary to adopt a stochastic
approach in modeling fracture network geometry. We can
use either object-based or pixel-based methods for this kind
of approach. In an object-based method, for example, the
fractures are distributed in space as individual elements. A
simple, object-based fracture model was presented by Baecher
et al. [1]. In building stochastic discrete fracture networks,
various approaches are used including basic Boolean, clusters
or hierarchical models, as described in Bear et al. [2]. The main
defect of these models is that the fractures are distributed
randomly and independently, and it is widely accepted that
the manner in which strain is partitioned in the reservoir has
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a fundamental role to play in fracture distribution. Alternative
models to cover this include fractal models as described by
Mandelbrot [3], Acuna and Yortsos [4], Mohrlok and Liedl [5],
and Bonnet et al. [6]. However, it is much more helpful to use
fracture spatial correlations derived from a physical basis to
model fracture distribution.

An interesting stochastic approach to fracture modeling
in two dimensions has been introduced, based on the idea
described in Masihi and King [7] in which the elastic energy
due to the fractures follows a Boltzmann distribution. The
elastic energy function has been derived by applying the
appropriate physical laws in an elastic medium. Moreover,
recently, Shekhar and Gibson [8] used the strain energy
of a fractured material to generate fracture networks to
use in forward seismic modelling or inversion applications.
Alternatively, we can use a process-based approach in fracture
modeling, such as the geomechanical technique that uses
initiation of cracks, propagation, coalescence and mechanical
interactions [9]. Other researchers, such as Sahimi et al. [10],
used the minimization of an appropriate form of an energy
function, along with geomechanics, to model the fractures.

In this research work, we use an optimization method,
based on the physics of fracturing to model fractures in three
dimensions. It is assumed that all fracturing has happened, and
mechanical equilibrium has been achieved, which enables us
to use entropy arguments and statistical mechanics to model
the fractures. The main contribution is to present a correlated
fracture model in three dimensions, based on the physics of
fractures, which improve our predictive capability relating to
the flow behavior in fractured rocks.

The outline of this paper is organized as follows: first, the
steps used in obtaining the elastic displacement of fractures
will be reviewed, as they involve concepts of great importance
in understanding the correlation between fractures. Then, the
modeling technique will be described, which uses the concept
of a simulated annealing algorithm as an optimization method,
to minimize the resulting elastic energy function. Finally, we
will generate various realizations of the fracture network in
both two and three dimensions, and discuss various ingredients
of the modeling technique.

2. Model description

Consider an elastic medium in which fractures are existed.
Fractures are discontinuities in the system. At a given time
history of a rock, it can be assumed that the fracturing
occurred in the system reaches a geomechanical equilibrium.
By definition, a system reaches a stable state (i.e. mechanical
equilibrium) when the elastic energy approaches a minimum
value. However, to evaluate this condition, an elastic energy
related to the existence of fractures must be defined. Having
defined an appropriate elastic energy for such a system, it can
then be considered an objective function in an optimization
algorithm. In order to set up this stochastic approach, we define
fractures by geometrical objects, such as line segments in two
dimensional media, and squares or discs in three dimensions.
Moreover, we use a simulated annealing algorithm tominimize
the elastic energy function.

2.1. Displacement vector in an elastic medium

Consider an isotropic elastic mediumwith point xmoving to
x′. The displacement vector is u(x) = x − x′. We may assume

that, everywhere, the local displacement vector has a continu-
ous part (the elastic displacement, ue), and a discontinuous part
(the inelastic displacement, uine). A fracture in such an elastic
medium is a discontinuity in the displacement vector that can
be represented by an inelastic displacement vector. The discon-
tinuous part of the displacement vector acts as a source of the
inelastic strain in the medium. The local displacement vector is
decomposed into two parts, as similarly are the elastic and in-
elastic parts for stress (σij) and strain (eij) tensors i.e.:

σij = σ e
ij + Sij, (1a)

eij = eeij + Eij, (1b)

where Sij and Eij stand for, respectively, the inelastic parts of
stress and strain tensors. For an isotropic elastic medium, the
stress tensor, in terms of the strain tensor, can be given by
Hooke’s law as explained in Landau and Lifshitz [11] as:

σ e
ij = λeeijδij + 2µeeij, (2)

where λ is the usual elasticity tensor, δij is the Kronecker delta,
andµ is the shearmodulus of elasticity of themedium. The elas-
tic strain tensor, in terms of the displacement vector, for a small
deformation is eeij =

(
∂jue

i + ∂iue
j

)
/2. Hence, in the absence

of any body force, the equation of continuity for an isotropic
medium becomes:

∂jσij = ∂jσ
e
ij + ∂jSij = 0, (3a)

or:

∂jσ
e
ij = −∂ j Sij. (3b)

In an elastic medium, the term, −∂ j Sij, can be interpreted as a
fictitious body force that keeps the fracture open. A random in-
put driving force representing this term gives rise to inelastic
displacement and fracturing. The stochastic solution to Eq. (3)
results in the determination of stress, σ e

ij , and strain, eeij.
In such an elastic system, the elastic energy per unit volume,

due to the force placed by elastic forces on the strain, is given
by E = σ e

ij e
e
ij/2. Using the well defined Fourier transform for

elastic terms, the elastic energy in Fourier space becomes:

E =
1
2

[
σ e
ij

] [
eeij

]

=
1
2

[
iλijalkaue

l

] [
i
2

(
δajδil + δaiδjl

)
kaue

l

]
, (4)

where the isotropic elasticity tensor, λijal, related to Lame
constants, λ and µ, is given by:

λijal = λδijδal + µ
(
δiaδjl + δilδja

)
. (5)

If we use this elasticity tensor and simplify the elastic energy in
Eq. (4), we get:

E =
1
2
µ

[
k2δkl −

(
1

1 − 2υ

)
kkkl

]
ue
k(k)u

e
l (−k)

=
1
2
µLkl(k)ue

k(k)u
e
l (−k), (6)

where Lkl is the usual linear operator for isotropic elasticity and
is the inverse of Green’s function (i.e. LijGjk = δik).

The existence of inelastic parts of the displacement vector
(as assumed in Eq. (3b)), representing fractures with a general
configuration of fractures in the medium, establishes a proba-
bility distribution for the elastic energy that can be calculated
from Eq. (6). It is noted that the elastic energy which accom-
panies the fractures is calculated on an elastic basis. Let us
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assume that the frequency distribution of elastic energy, due
to fracture density, follows a Boltzmann distribution, P(E) ∝

exp(−E/〈E〉), where 〈E〉 is the average strain energy. This as-
sumption emphasizes that the dislocations in the system tend
to adopt a pattern that maximizes the entropy, while the mean
elastic energy remains fixed. Applying this probability gives
P(E) ∝ exp

(
−µ

〈E〉

∫
d3kLkl(k)(k)ue

k(k)u
e
l (−k)

)
from which an

expression for the spatial correlation in the elastic displace-
ment [4] can be obtained, i.e.:

cij(k) =
〈
ue
i (k)u

e
j (−k)

〉
=

〈E〉

2µ
L−1
ij

=
〈E〉

2µk2

[
δij −

1
2 (1 − υ)

kikj
k2

]
. (7)

The equivalent expression for the elastic displacement in real
space becomes:
〈
ue
i (r)u

e
j (0)

〉
=

A
r

·

[
η · δij +

rirj
r2

]
, (8)

where A =
〈E〉

16πµ (1−υ)
, η = 3 − 4υ and υ is the Poisson ra-

tio of the medium. It should be noted that for a homogeneous
elastic medium, we can assume the rock properties to be con-
stant and, subsequently, term A becomes fixed. For simulation
purposes and without loss of generality, we may assume that
term A is equal to one. As emphasized by Heffer and King [12],
a similar correlation function, based on a kernel of the energy
function, can be determined when the probability distribution
of the elastic energy is assumed to be power law, (P(E) ∝ Ea ),
in line with geomechanical simulation observations.

Similar to the general class of the covariance tensor
described by Daly [13], the covariance function in Eq. (8), in
vector form, becomes:

A ·

[
η · (ui, uj)

r
+

(r, ui) · (r, uj)

r3

]
, (9)

where (ui, uj) indicates the scalar product of two vectors ui
and uj (i.e. inelastic parts of displacement vector) at points i
and j with a distance vector r . It is noted that the covariance
function from the frequency distribution of elastic energy that
accompanies the general fracture configuration is calculated on
an elastic basis.

For modeling purposes, we can apply an appropriate
optimization technique by using the sum of the covariance
Function (9) for all pairs of vectors, ui, uj, in the system, as
the objective function, to stochastically satisfy the equation
of continuity (Eq. (3)). For visualization purposes, let us
show, schematically, the relative positions of two displacement
vectors, ui and uj, representing two fractures in a two
dimensional medium (Figure 1). Hence, the objective function
(9) can be simplified in 2D systems as:

E =

∑
A · ui · uj ·

[
η ·

∣∣cos(θj − θi)
∣∣

+
∣∣cos (α − θi) cos

(
α − θj

)∣∣]
/

rij

=

∑
A ·

[
η ·

∣∣ux
i u

x
j + uy

i u
y
j

∣∣

+ r−2
ij ·

∣∣(ux
i r

x
ij + uy

i r
y
ij

) (
ux
j r

x
ij + uy

j r
y
ij

)∣∣]
/

rij, (10)

where θi, θj and α represent, respectively, the relative orienta-
tion of vector ui, vector uj, and distance vector rij, with respect
to the horizontal, and ux and rx stand for the magnitude of the
projection of, respectively, vectors u and rij along the x direc-
tion, with similar definitions along the y direction. It is noted
that the sum in Eq. (10) is over all pairs of vectors ui and uj.

Figure 1: An illustration of the relative positions of two fractures in 2D space.

2.2. Simulated annealing

The fractures are assumed to exist, and the idea is to modify
fracture positions and/or orientations in order to minimize as-
sociated elastic energy. Simulated annealing is a well-known
optimization technique,which tries to find the optimumconfig-
uration of the system by using an appropriate energy/objective
function. Simulated annealing, in thermodynamics, uses the
Boltzmann probability distribution for energy states E, as
P{E} ∼ e

−E
〈E〉 , where the average energy is 〈E〉 = kb T , kb is

the Boltzmann constant and T is the temperature of the sys-
tem. This emphasizes that in an analogy with a thermal system,
when a system is in equilibrium, it has its energy probabilis-
tically distributed among all different energy states, E. Even at
low temperature, there is a chance for a system to be at a high
level of energy. However, in the application of simulated an-
nealing for a real problem, the energy is determined in a differ-
ent way, which is often called the objective function, and T is a
controlling parameter and not the real temperature as in ther-
modynamics. The techniquemakes an analogy between the ob-
jective function in an optimization problem and the free energy
of a thermodynamic system as described by Cerny [14], Aaxts
and Korst [15], Kirkpatrick et al. [16] and Metrolpolis et al. [17].

In this work, we used simulated annealing to find the
fracture configurations which minimize the energy function. In
this technique, we need the following five ingredients:

(1) An initial configuration of the fractures: This basic pattern
may be set up by using a Poisson distribution for
the position of fractures with a predefined length and
orientation distribution inferred from, for example outcrop
or experimental studies. Although it is emphasized that
the convergence toward the optimal state of the system
is almost independent of the choice of the initial state of
the system [16], we initialize the algorithm based on the
available outcrop or experimental data in order to speed up
the algorithm and use the conditioning data.

(2) An appropriate method for changing the configuration of
fractures randomly: To generate a new configuration, we
may select (randomly) a fracture, i, then its orientation,
length or position may be slightly changed. We can define
the new orientations, lengths and positions, respectively,
from θ inew

= θi + 0.05π(2R − 1), linew = li + 0.5(2R −

1) and r inew = ri + 0.5(2R − 1), where R is a random
number selected from a uniform distribution between 0
and 1. Alternatively, we may swap two randomly chosen
fractures, in which case, the statistics of the length and
orientation of the fractures remain constant.

(3) An appropriate objective function (E) to compare the new
configuration with the old (Enew and Eold): In our problem,

Archive of SID

www.SID.ir



M. Masihi et al. / Scientia Iranica, Transactions C: Chemistry and Chemical Engineering 19 (2012) 594–604 597

we use the covariance function (10) as the objective
function, E. An important step in the algorithm is the criteria
to accept a favorable change. We accept the change, based
on the Boltzmann probability distribution in Eq. (11).

P {accept} =

{
1, if Enew ≤ Eold
e

Eold−Enew
T , otherwise.

(11)

This distribution, in analogy with thermodynamics, ex-
presses the idea that a system in thermal equilibrium at
temperature T has its energy probabilistically distributed
among all different energy states, E. Even at low tempera-
ture, there is the chance for a system to be in a high energy
state. Therefore, there is a corresponding chance for the sys-
tem to get out of a local energyminimum, in favor of finding
a better, more global one. In other words, the system some-
times goes uphill, as well as downhill, but the lower the
temperature, the less likely is any significant uphill move.

(4) An annealing schedule of changing the controlling parame-
ter, T : It should be noted that this parameter has the order
of the mean energy of the system (as estimated from the
calculated energy equation (10) over some realizations of
the fracture configurations at each T -step), and is of high
value at early stages of the simulation. In order to realize
that a chosen initial controlling parameter, T , is appropri-
ate for the optimization problem, we look at the acceptance
ratio, which is defined as the number ratio of the total ac-
cepted patterns (i.e. fracture configurations) divided by the
total accepted and rejected patterns at the same T . Hence,
the initial controlling parameter, T , is chosen, such that the
acceptance ratio is around 0.95. A low T value corresponds
to the acceptance ratio of the order of 0.05. It is emphasized
that the controlling parameter T should not be decreased
rapidly throughout the algorithm, as, in such a case, the sys-
tem sticks at a local rather than a globalminimum. A simple
annealing schedule is to decrease the controlling parame-
ter, T , linearly, at each stage, by 3%. As the controlling pa-
rameter, T , decreases, the probability of accepting a better
configuration decreases.

(5) A criterion to stop the algorithm: The simulation is
composed of two levels: the global one with progressive
decreasing of T , and one internal level at a fixed T value.
For an internal loop at a constant T value, there are two
ways to stop the iterations; first, we can continue the
iterations until the algorithm reaches a predefined number
of iterations (e.g. 1000 realizations), which, practically, may
lead to some errors at the end of the simulation (i.e. low
T -values). Alternatively, we can continue the simulation
until the number of accepted changes at each T value
reaches a given value after which no significant changes
are expected. Theoretically, for the global loop, we can
continue the simulation, based on the annealing schedule
of changing the controlling parameter, T (e.g. Tnew

=

0.97Told), until no significant changes are observed (or
acceptance probability becomes close to zero). In practice,
we can stop the algorithm when an observation target,
based on, for example, the linear fracture density or mean
fracture length, is achieved (see Section 3.4 where the
simulation stops at the mean fracture length of 0.41).

The flow chart of the simulated annealing is shown in Figure 2.
The choice of initial T value can be important as a high initial

T value (corresponding to the high mean energy of the system
and, consequently, a high degree of acceptance probability,
greater than 95%, from Eq. (11)), leads to better results, and the
selection of a low initial T value, leads the system to be sticked
in local optima.

Figure 2: Flowchart of the simulated annealing algorithm.

3. Generating the fracture model in 2D space

The preliminary work on this methodology was done by
Masihi and King [7] and concentrated on 2D fracture networks.
In this work, we extend the applicability of the methodology to
different conditions in order to develop more realistic models.
Various cases and algorithms have been examined.

3.1. Change in fracture orientations

Consider a square domain, with a side size L = 5, in which
fractures are represented by line segments (Figure 3). As an ini-
tial configuration, we distribute, randomly, 100 fractures with
constant length, l = 1. For the first configuration of fractures,
the initial energy function, Eold, can be calculated from Eq. (10),
where the sum is over 100 fractures, and the initial tempera-
ture, Ti, can be chosen.

Simulation begins at an initial temperature, Ti = 500, corre-
sponding to a high energy of the system and high degree of new
configuration acceptance (e.g. acceptance ratio, defined as the
total accepted fractures configurations divided by total configu-
rations in the simulation, equal to 0.95). Then, we must change
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Figure 3: The initial state in the fracture network generation algorithm.

Figure 4: The final state in the fracture network generation algorithm when fracture orientations are allowed to change.

the fracture configuration to a new pattern, which is performed
by applying a slight change to the orientation of a randomly
chosen fracture.We used 250 iterations at each T -step.We used
periodic boundary conditions, with two similar cells in each di-
rection, to avoid boundary effects and considered parameter
η = 2. We then computed the change in the energy function,
�E = Enew

− Eold. If �E < 0, the change was accepted un-
conditionally and the simulation was continued. Otherwise, we
accepted the new configurations depending on the Boltzmann
probability (Eq. (11)). We continued at a fixed T value until the
algorithm visited every fracture twice. We use a 3% reduction
of the T -value at each T -step as the schedule for lowering the
T -value in the simulation, i.e. Tnew

= 0.97Told. The final state
for the fractures in the system is shown in Figure 4. The final
state of the fracture network, as appears in Figure 4, includes
two orthogonal fracture sets with almost the same number of
fractures in each set (similar to the previous observations in
Ref. [7]).

The computed elastic energy, at various iterations through
the simulated annealing algorithm, is shown in Figure 5, which
emphasizes that the algorithm converges to minimum energy
as the temperature approaches zero.

Is it emphasized that the SA algorithm is able to produce
equi-probable scenarios for fracture distributions at the final
state, when for example we use various fractures distributions

with the same fracture attribute statistics (e.g. the same fracture
length and orientation distributions distributed randomly in
space) at the initial state, and allow the algorithm to change
the orientation of fractures. In such a case, the position and
corresponding length of each fracture remain fixed at different
realizations.

3.2. Boundary effects when fracture orientations change

To investigate the effects of boundary conditions, we used
the similar initial state of fractures as before, except we added
40 known fractures at fixed positions over all boundaries of the
system, as shown in Figure 6.

The final state of fractures include two sets of orthogonal
fracture in which fractures line themselves up in the direction
of the fractures located on the boundaries (see Figure 7). This
corresponds to cases when a large stress field controls the
system behavior.

The type of boundary condition (i.e. far-field stress) consid-
ered in this section is the outer boundary condition for frac-
tured reservoirs. Another interesting simulation case study is
to consider inner boundary conditions, such as fracture distri-
butions at wells or inter-wells. The small scale fractures at the
wells can be quantified from the interpretations of FMI or FMS
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Figure 5: The computed elastic energy at various temperature iterations through the simulated annealing algorithm when fracture orientations are allowed to
change.

Figure 6: The initial state in the fracture network generation algorithm with fixed fractures orthogonal to the boundaries.

Figure 7: The final state in the fracture network generation algorithm with fixed fractures orthogonal to the boundaries when fracture orientations change.

logs, and the large scale fractures or faults betweenwells can be
observed from seismic interpretations. The implementation of
these conditioning data within the algorithm is not a problem
as we do not allow any change for the conditioning fractures
during the algorithm. However, the main task in this is to have
reliable conditioning fracture data, which will be the aim of our
future research.

3.3. Change in fracture orientations for fractures with various
length distributions

Let us consider fractures in an initial state to have
different size distributions (e.g. uniform, normal, log-normal
or exponential). The other fracture network properties at the
initial state are the same as previous cases. Again, the algorithm
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Figure 8: The initial and final states and the histogram of fracture lengths for the fracture network with the uniform fracture size distribution when the algorithm
changes the fracture orientations.

Figure 9: The initial and final states and the histogram of fracture lengths for the case of normal size distribution when the algorithm changes the fracture
orientations.

Figure 10: The initial and final states and the histogram of fracture lengths for the case of log-normal size distribution when the algorithm changes the fracture
orientations.

allows a change in fracture orientations. A comparison of
the initial and final state of fractures with a uniform length
distribution is shown in Figure 8. We can observe the
orthogonal fracture systems in the final state.

Initial fracture configurations with normal fracture size
distribution (with mean of µ = 2.5 and standard deviation of
σ = 1), and the results of final fracture configurations,whenwe
allow changes in fracture orientations through the algorithm,
are shown in Figure 9.

Similar resultswere obtained for the systemwith log normal
fracture length distributions (with mean of µ = 0.4 and stan-
dard deviation of σ = 0.5), and exponential distribution (with
mean of µ = 2) as shown, respectively, in Figures 10 and 11.

3.4. Change in fracture lengths and orientations

We can allow the algorithm to change fracture lengths in
addition to changes in fracture orientations. Consider fractures
with uniform length distribution in the range (0–7.5), and
random orientations at an initial state to be distributed
randomly in the system of size 30 as shown in Figure 12a.
We used periodic boundary conditions and set η in the energy
equation (10) to be equal to 2. For this case, we used the initial
value of Ti = 10, 000 for the controlling parameter and allowed
a 7% decrease in T -value at each step. The result of final fracture
configurations at amean fracture length of 0.41, whenwe allow
changes in both fracture length and orientation through the
algorithm, is shown in Figure 12b.
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Figure 11: The initial and final states and the histogram of fracture lengths for the case of exponential size distribution when the algorithm changes the fracture
orientations.

Figure 12: The initial and final fracture configurations when algorithm allows both fracture lengths and orientations to change. (a) Initial configuration of fractures
where mean length is 3.69. (b) Final configuration of fractures where mean length is 0.41.

Figure 13: Variation of the energy and mean fracture length during simulated annealing process.

As can be expected, the energy term (Eq. (10)) linearly
depends on the fracture lengths; hence, as the algorithm try
to minimize the energy it decreased the lengths of fractures.
Figure 13 shows how the energy of the system andmean length
of fractures in the system reduced as the annealing proceed.

As can be expected, the initial uniform distribution of frac-
ture length changes as the simulation proceeds. The statistical
analysis of fracture length distribution for the fracture pattern
shown in Figure 12b is presented in Figure 14. The dimension-
less length in Figure 14 was defined as the value of the fracture
length divided by the mean fracture length in the system. The
result of Figure 14 shows that the probability of frequency of

fractureswith length equal to, or less than, Ld, tends to be power
law (i.e. P(Ld) ∝ L−a

d ), with a power law exponent of 1.8.

4. Generating the fracture model in 3D space

In this section, we extend the applicability of the proposed
fracture modeling technique to three dimensions. As was
previously assumed in Eq. (3), there is a fictitious body force that
keeps the fracture open and gives rise to inelastic displacement
and fracturing. To show an illustrative example, let us
consider the joint network, where the displacement vector
is perpendicular to the fracture surface. In our optimization
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Figure 14: Cumulative frequency of fracture lengths for pattern shown in
Figure 12b against dimensionless length indicating a power law distribution.

technique these vectors represent the fractures. We assume
that the fractures have a squared shape of size l × l, with
smooth surfaces. Let u be the displacement vector that is
drawn from the center, which is normal to the fracture surface
and which is distributed randomly in a cube of size L. We
assume that the magnitude of the vector represents the square

(i.e. fracture) size. The random orientations are assigned by
choosing three Euler angles of rotation (φ, θ, ψ), where θ is
in the range of [0, π ] about the x-axis, and both φ, ψ are in
the range of [0, 2π ] about the z-axis. Then, the location of four
corners and the centre of each fracture are stored in a data
structure.

The extension of the elastic energy equation appropriate to
three dimensions, where u is considered as a vector in 3D space,
becomes as follows:

E =

∑
A ·

[
η ·

∣∣ux
i u

x
j + uy

i u
y
j + uz

i u
z
j

∣∣
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ij ·
∣∣(ux

i r
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i r
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i r
z
ij

)

×
(
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j r

x
ij + uy

j r
y
ij + uz

j r
z
ij

)∣∣]
/

rij. (12)

We applied the same algorithm (i.e. simulated annealing), start-
ing with 100 randomly distributed normal vectors, to the frac-
ture planes of magnitude of 1, with three random Euler angles
of rotation in the three dimensional cubic system. Figure 15 il-
lustrates the initial state of random fractures in the algorithm.

It is emphasized that the magnitude of the vectors is
considered to represent the square side size. Moreover, the
optimization algorithm of this three dimensional model took
significantlymore time, due to the large number of calculations.
The final state of fracture configuration obtained after 150
temperature steps is shown in Figure 16. As can be observed, the

Figure 15: The initial state of fracture configuration and its stereonet for 3D simulation of fractures.

Figure 16: The final state of fracture configuration and its stereonet for 3D simulation of fractures.
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Figure 17: The final state of fracture configuration and the histogram for 3D simulation with uniform fracture size distribution.

Figure 18: The final state of fracture configuration and the histogram for 3D simulation with normal fracture size distribution.

Figure 19: The final state of fracture configuration and the histogram for 3D simulation with log-normal fracture size distribution.

resulting fracture network includes three orthogonal fracture
sets.

4.1. Effect of fracture size distribution in three dimensions

Let us consider the fractures in the initial state to have
different size distributions (e.g. uniform, normal, or log-
normal). The other fracture network properties at the initial
state were as before. The initial and final states of fractures,

with uniform length distribution, is shown in Figure 17. Again,
orthogonal fracture sets can be observed at the final state.

Similar results were obtained for the case of normal and log
normal fracture length distributions, as shown in Figs. 18–19.

As was expected, all three fracture sets are parallel to the
main Cartesian coordinate planes. The number of fractures in
each set observed in the simulation is summarized in Table 1.
The uniform redistribution of fractures between two fracture
families implies the isotropic property of the rock as was
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Table 1: Number of fractures with
various fracture size distribution in
each fracture set at the final state.

X–Y X–Z Y–Z

Uniform 33 35 32
Normal 33 33 34
Log-normal 33 36 31

assumed in the derivation of covariance function (9). Having
developed an appropriate covariance function (such as Eq. (8))
for the anisotropic rocks, and using it in simulated annealing,
the orthogonal fractures at the final state may no longer be
observed.

It is finally emphasized that the simulation using a simulated
annealing algorithm is applicable to difficult problems that
involve, for example, dynamic data or large-scale soft data,
with no limit on the types of field correlation or underlying
heterogeneity. The type of fracture density, for example, is
mainly dependent on the type of covariance function used in
the algorithm (as expected, there are different fracture patterns
in Figure 12b if we use another correlation function). However,
this technique tends to be computationally intensive, especially
when applied at field scale, with a huge number of fractures
observed at various scales, from microns to kilometers.

5. Conclusions

We have generated some Discrete Fracture Networks (DFN)
in both two and three dimensions, fulfilling some physical
requirements, based on elastic energy considerations. We have
extended the application of the proposed fracture modeling
technique, based on the assumption that the elastic energy, due
to the existence of fractures, follows a Boltzmann distribution
to three dimensions. The algorithm forces the system to
reach equilibrium as its elastic energy, due to fractures,
minimizes. This stochastic approach produces orthogonal
sets of fractures in line with what is commonly observed
during basin formation or subsidence. Moreover, the effects of
boundary conditions, fracture size distribution and anisotropy
have been investigated. It was observed that the boundary
condition (e.g. far field stress) controls the orientation of
the fracture sets. This approach shows a positive correlation
between the positions of fractures and their other fracture
parameters, such as fracture orientations. As a result, thismodel
can be used to stochastically generate sub seismic fractures to
better incorporate geological field observations.
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