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Abstract– The rapid growth of space utilization requires construction and maintenance of space 
structures and satellites in orbit that, in turn, substantiate the application of robotic systems in 
space. In this paper, a near-minimum-time optimal control law is developed for a rigid space 
platform with flexible links such as manipulators, solar panels and stabilizing booms during an 
orientating maneuver with a large angle of rotation. The time optimal control solution for the 
rigid-body mode is obtained as a bang-bang function and applied to the flexible system after 
smoothing the control inputs to avoid stimulation of the flexible modes. This will also reflect 
practical limitations in exerting bang-bang actuator forces/torques, due to delays and non-zero 
time constants of existing actuation elements. The smoothness of the input command is obtained 
by reshaping its profile based on consideration of additional derivative constraints. The platform is 
modeled as a linear undamped elastic system that yields an appropriate model for the analysis of 
planar rotational maneuvers. The developed control law is applied on a given satellite during a 
slewing maneuver, and the simulation results show that the modified realistic optimal input 
compared to the bang-bang solution goes well with the practical limitations and also alleviates the 
vibrating motion of the flexible appendage, which reveals the merits of the new developed control 
law.           
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1. INTRODUCTION 
 

Extending the life of space systems, and therefore reducing the associated costs, will require extensive 
inspection, assembly and maintenance capabilities in orbit. Therefore, it is expected that robotic devices 
will play a more important role in future missions, [1]. In order to control such systems, it is essential to 
develop a proper kinematics/dynamics model for the system that has been studied under the assumption of 
rigid elements [2-5], and elastic elements [6-8]. There have also been various studies on the nonlinear 
control problem of such systems with both rigid and flexible elements, [9-14]. 

Tackling time limitations in space rendezvous, the optimal control with a time minimization 
constraint is of main importance. It should be noted that high speeds, in turn, might stimulate the system 
flexible modes, which could drastically affect the control system performance. Space projects involving 
large structures, satellites with antennas or solar panels, stabilizing boom, and robotic manipulators are 
examples where one should consider achieving rapid maneuvers without stimulating flexible modes. 
Therefore, the minimum-time optimal control for the rigid mode and n flexible modes has become the 
focus of several articles, [15-17]. The time-optimal controller is obtained by solving the state and co-state 
equations, considering Ponteryagin’s minimum principle. The bang-bang type of control causes spillover 
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effects that may induce high residual flexural energy due to instantaneous switching in actuating 
forces/torques. Using an approximation routine for the bang- bang input with the objective of eliminating 
the sudden changes at switching times, a smoother control input can be obtained, [18-19], where a near 
minimum time optimal solution is obtained based on constrained Ponteryagin's principle. While in a real 
implementation this is of great importance, unfortunately this approach is not able to thoroughly shape the 
input based on realistic actuation capabilities. 

In this paper, to suppress and ideally eliminate the vibration of elastic appendages of a space 
platform, a preshaping method is presented which results in a near minimum time optimal controller. 
Therefore, the optimal control problem is solved by constrained parameters optimization, which yields 
directly switching times. To this end, a near-minimum-time optimal control law for a rigid space platform 
with flexible links during an orientating maneuver with a large angle of rotation is developed. The time 
optimal control solution for the rigid-body mode is obtained as a bang-bang function. The obtained control 
law is applied to the flexible system after smoothing the control inputs to reflect practical limitations in 
exerting bang-bang actuator forces/torques. The smoothness of the input command is obtained by 
reshaping its profile with the first and second time derivatives constraints. The assumed modes method for 
the flexible appendage will be used where the Euler-Bernoulli beam model is adopted. Based on the 
obtained smooth control functions, the switching times are obtained by converting the optimal control 
problem into a constrained parameters optimization problem which will be solved numerically. The 
developed control law is applied on a given satellite which consists of two elastic panels, during a slewing 
maneuver. The first five flexible modes are considered in the simulated model, whereas a single torque 
actuator is located on the central rigid body. The task is to rotate the system by a certain angular 
displacement in minimum time. The simulation results show that the developed realistic optimal input 
compared to the bang-bang solution goes well with the practical limitations and can successfully control 
the end-point motion of the flexible appendages. 
 

2. EQUATIONS OF MOTION 
 
In this section, the dynamics of the slewing flexible spacecraft is investigated. The assumed modes 
method for the flexible appendage will be used, with no structural damping, where the Euler-Bernoulli 
beam model is adopted. The control actuator is modeled as a torque generating device, u (t), acting on the 
main body. Since the slewing maneuver is of relatively short length and duration, microgravity and 
dynamical effects due to orbital mechanics are negligible, compared to the control torque. Considering a 
rigid central body rotating in inertial space, with flexible appendages, it is assumed that the flexible beam 
performs only planar motion as shown in Fig. 1. Frames (X1 X2 X3) and (x1 x2 x3) denote an inertial 
(orbital) frame and a body-fixed coordinate, where 1 2 3

ˆ ˆ ˆ( , , )X X X and 1 2 3ˆ ˆ ˆ( , , )x x x  are unit vectors of 
these frames, respectively. The origins of both frames (O) are located at the center of the mass of the main 
rigid body, and x1, x2 , x3 are defined along the principal axes of the rigid body. The flexible beam is 
clamped to the rigid body at point C, and θ  is the angle of rotation of the rigid body. (see Fig.1). 

The governing differential equations of motion can be obtained from the extended Hamilton’s 
principle [20], described as 

 
1

0

( L W )d t 0
t

t

δ δ+ =∫                                                            (1.1) 

 
where L represents the system Lagrangian as a difference between the system kinetic energy (T) and 
potential energy (V) 

 L = T-V                                                                          (1.2) 
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and Wδ  is the virtual work done by the control torque u(t) 
 

θ u(t)Wδ δ=                                                                   (2) 
 
where δθ is angular displacement due to control torque u(t). Assuming Euler Bernoulli beam theory and 
small deformation, the total kinetic energy of the system contains two terms corresponding to the central 
body and the appendages which can be written as: 

03

1 12

2 2

L
T I V Vdxθ ρ= + ⋅∫

v v
&                                                       (3) 

 
where x defines the position of any point of an appendage with respect to point C, I3 is the inertia of the 
rigid body along the x3 axis, θ&  is the angular velocity of the spacecraft, L is the length of the appendages, 
ρ  is the mass per unit length of the appendages, and V

v
 defines the velocity of any point of the appendage 

which can be obtained as 

 
N BV(x,t) = r = r r+ ω ×

v v v v v& &                                                          (4) 
 
where N

r
v&  and B

r
v&  denote the velocity in the inertial and body-fixed reference frames, respectively. 

3x̂ω θ=v & is the angular velocity of the main rigid body which is equal to its body-fixed frame angular 
velocity with respect to orbital frame, and r

v  defines the position vector of any point of the appendage 
which can be expressed as  

 1 2ˆ ˆ( , ) ( )r x t b x x y x= + +v
                                                      (5) 

 
where y(x, t) is the elastic deformation (the lateral displacement) of the appendage at time t and distance x, 
and b is the distance between the system center of mass to the point of attachment (C). Substituting Eq. (5) 
into Eq. (4) we obtain 
 

 2ˆ])[(1ˆ),( xyxbxytxV &&&
v

+++−= θθ                                               (6) 
 
Substituting Eq. (6) into Eq. (3) leads to: 
 

 2 2

0 0

1
2 ( )

2

L L
T I y dx b x ydxθ ρ θ ρ= + + +∫ ∫& && &                         (7) 

 
where I  is the total moment of inertia of the system, computed as 
 

 2
3 0

2 ( )
L

I I x b dxρ= + +∫                                                   (8) 
 
It should be noted that higher order terms in Eq. (7) were neglected, since it is assumed that the 
deformation of the appendage is small. 
The total potential energy of the system under Euler- Bernoulli assumption [21], is: 
 

 0

2( )
L

V EI y dx′ ′= ∫                                                             (9) 
 
where EI is the uniform flexural rigidity of the appendage, and y′ ′ is the second partial derivative of y 
with respect to x. The lateral displacement of any point on the appendage can be described by the product 
of spatial functions (the mode shape), and harmonic time functions as follows:  
 

 
1

( , ) ( ) ( )
n

i
i iy x t q t xφ

=
= ∑                                                    (10) 
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where ( )xiφ  is called the mode shape, and ( )iq t  describes the modal generalized coordinate for the i- th 
mode, and n denotes the number of modes retained in the approximation. Considering Eq. (9), the 
substitution of Eqs. (7) and (9) into Eq. (1) leads to the equations of motion in the following matrix form: 
 

 u+ =Mq Kq G&&                                                                (11.1) 
 
where M  and K  are the so-called mass and stiffness matrices, respectively, G is the control input 
distribution vector, q&&  is the second time derivative of generalized coordinates q. These parameters can be 
partitioned as 
 

 
1q

qqq qq

θθ θ

θ
= = =
     
        

M K G
M M 0 0

0 KM M 0                                            (11.2) 

 
where elements of the mass and stiffness matrices are obtained as 
 

 2
3 0

2 ( )
L

I I x b dxθθ ρ= = + +∫M                                                (12.1) 
 

 0] [ ] ( ) ( )[ LT
q q iM M b x x dxi iθ θ ρ φ= = +∫                                             (12.2) 

 

 0[ ] ( ) ( )
L

qq ijM x x dxi jρ φ φ= ∫                                                      (12.3) 
 

 0[ ] ( ) ( )
L

qq ijk EI x x dxi jρ φ φ′ ′ ′ ′= ∫                                                    (12.4) 
 
where i][ ⋅  denotes the i-th element of the vector ][ ⋅ , and ij][ ⋅  denotes the ),( ji  element of the matrix ][ ⋅ . 
The mode shape function )(xiφ  for the appendage (fixed-free beam with length L) is obtained as [21]: 
 

     x)sink-x(sinhk-x)cosk-xk(cosh(x) iiiii αφ =                                 (13.1) 
 

 
LikLik

LikLik
i coscosh

sinsinh

+

−
=α                                                                (13.2) 

 
The boundary conditions are considered as 
 

 
Fig. 1. Spacecraft configuration 

 
 0)()()0()0( =′′′=′′=′= LL φφφφ                                                    (14) 

 
The dynamics model of Eqs. (11) for a flexible spacecraft in a slewing maneuver is a suitable model for 
control analysis, [22], which is discussed next. 

h 
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3. OPTIMAL CONTROL DESIGN 
 
Considering the system dynamics described by a set of linear, undamped, ordinary differential equations 
such as Eqs. (11), the control torque u(t) is a scalar control input which is normally bounded as: 
 

 max max( )u u t u− ≤ ≤                                                          (15) 
 
The system described by Eqs. (11) can be transformed into the decoupled modal equations using the 
eigenvalues and corresponding eigenvectors information of the system: 
 

 
2 1, ,i i i i u i nη ω η+ = Φ =&& L                                               (16) 

 
where ( )tiη  is the i-th modal coordinate, iω  is the i-th modal frequency (i-th diagonal element of 
eigenvalue matrix), and scalars iΦ  are defined as 
 

 1 2[ ]Tn ΛGΦ= Φ Φ Φ =L                                                  (17) 
 
where Λ  is an n n×  matrix with its columns being the corresponding eigenvectors, and n is the number 
of modes considered in the control design. Eq. (16) can then be written in the following matrix form: 
 

η Λη u+ = Φ&&                                                               (18.1) 
Where 

 , ,T TI q ηΦ Φ = Φ Φ = = ΦM K Λ                                      (18.2) 
 
It is desired to convey the system described by Eqs. (18) from the initial conditions of 

(0) [0 0 0 0]Tη = L , to the final conditions of ( ) [ 0 0 0]Tf ftη θ= L subjected to the input constraints 
(15) in minimum time, where fθ is the final angular position of the spacecraft in the slewing maneuver. 
Therefore, the performance index for the optimal law will be as follows: 

 
0

f

f

t

J dt t= =∫                                                                (19) 

 
where the initial time is taken as zero and tf is the given time for the maneuver. The rigid-body mode can 
be described by the first equation of Eqs. (18). In this case, 0

1
=ω  and so we obtain 

 
   1 1 1u which can be transform to uη θ= Φ → = Φ&&&&                                   (20.1) 

 
The boundary conditions are 

 
(0) (0) ( ) 0

( )
f

f f

t

t

θ θ θ
θ θ

= = =
≡

& &

                                                  (20.2) 

 
Now, writing a state-space model for Eq. (20) yields 
 

 
1 2

2 1

x x

x u

=
= Φ

&

&
                                                                  (21) 

 
where 1x θ= and 2x θ= &  are the angular displacement and velocity of the space platform, respectively. To 
implement methods developed in the optimal control theory, [22], based on the performance index 
described by Eq. (19) and the dynamic equations as described by Eqs. (21), the system Hamiltonian is 
defined as  
 

 1 1 2 2 1 2 2 1f fH t x x t x uλ λ λ λ= + + = + + Φ& &                                         (22) 
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where 1λ and 2λ are the costate variables (or Lagrange multipliers). Using Pontryagin’s minimum 
principle to characterize the optimal solution, the optimal control input is obtained as follows: 
 

 1 max 1( ) [1( ) 2[1( )] 1( )]fu t u t t t t t= − − + −                                                (23) 
    
where 1(t) is the unit step function, and 1( )u t  describes the well-known bang-bang solution function, [22]. 
The control profile is characterized with a single switching time 1t . If this control input is applied to the 
system as described by Eqs. (11), its vibration will be inevitable due to neglecting the flexible modes. To 
eliminate this oscillating motion, one should eliminate the sharp transitions of the bang-bang input so that 
the energy transfer to the flexible modes is minimized. This is discussed in the next section.  
 

4. REALISTIC OPTIMAL CONTROL DESIGN 
 
In this section, the control input profile given by Eq. (23) is approximated by a smooth and continuous 
profile throughout the entire maneuver, with the saturation limits of maxu± . Furthermore, this will reflect 
practical limitations in exerting bang-bang actuator forces/torques in reality, due to delays and non-zero 
time constants of existing actuation elements. Therefore, a realistic optimal (near-minimum time) control 
law is found that eliminates the jump-discontinuities of the input torque in order to reduce structural 
vibrations. By this near-optimal approach, we can “tune” the control profile in such a way that it 
systematically trades off residual vibration with the maneuver time. To this end, the time derivative 
constrains of the control input can be used. In the following, two cases are considered as employing the 
first and second derivatives for reshaping the control input profile. 
Case I. First derivative constraint of control input. The bang-bang input obtained in the previous 
section is shown in Fig. (2a). An approximated control input that is smoother than the bang-bang input is 
shown in Fig. (2b). This control input is obtained by adding another state variable to the first time optimal 
control problem which describes the first time derivative of the control input, along with an additional 
constraint that confines the magnitude of this derivative to a given value. Consequently, the degree of 
smoothness of the generated control input is controlled by choosing an appropriate value for the maximum 
value of the input first time derivative, [19]. Considering the new Hamiltonian for the three state variables, 
and using Ponteryagin’s minimum principle, as will be discussed in the next section, the modified control 
input is obtained as 

 
5

2 max 1
0

( ) ( )1( )
j j j

j
u t a u b t t t t

=
= − −∑                                                     (24) 

 
where b1=[1,-1,-1,1,1,-1], 1(t-tj) defines the unit step function, t0=0, t5=tf , and “a” is the slope of the 
inclined lines which is the maximum value of the input first time rate, and controls the smoothness of the 
modified input u2(t). The rate of this control input is shown in Fig. (3a), which certainly satisfies the given 
limits. 
 
Case II. Second derivative constraint of control input. To make the control input smoother than the one 
computed in the previous case, one could add a fourth state variable to the previous time optimal control 
problem which describes the second time derivative of control input, along with an additional constraint 
that confines the magnitude of the second rate to a given value Fig. (2c). Following a similar procedure as 
described above, the modified control input in this case is obtained as 
 

 
10

2max
3 2

0
( ) 1( )

2 j j j
j

a u
u b t t t t

=

′
= − −∑                                                (25) 

 
where b2=[1,-1,-1,1,1,-1,-1,1,1,-1], 1(t-tj) defines the unit step function, t0=0, t10=tf , and “a′ ” is the 
maximum value of the input second time rate. The second rate of u3(t) is shown in Fig. (3b). 
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(a)                                                     (b)                                      (c) 

Fig. 2. Control input profile: a) Bang-Bang, b) Case I,  c) Case II 
 

 
    (a)                                                    (b) 

Fig. 3. Control input derivatives: a) First rate of 2( )u t ,  b) Second rate of 3( )u t  

 
5. PARAMETER OPTIMIZATION PROCEDURE 

 
In the previous section, the two modified control inputs, u2 and u3, were obtained by reshaping the main 
bang-bang optimal control input profile. In each case, there are corresponding boundary conditions that 
construct boundary-value problems. The performance index for all cases is the one described by Eq. (19). 
The general constraints for all cases are as follows: 
 

 1 1( ) 0f ff x t θ= − =                                                               (26.1) 
 

 2 2( ) 0ff x t= =                                                                  (26.2) 
 

 3 ( ) 0ff u t= =                                                                    (26.3) 
 
Those for 2( )u t are  

 4 2 1 max( ) 0f u t u= − =                                                          (26.4) 
 

 5 2 3 max( ) 0f u t u= + =                                                             (26.5) 
 
and those for 3( )u t are 
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 6 3 2 max( ) 0f u t u= − =                                                         (26.6) 

 7 3 5 max( ) 0f u t u= + =                                                         (26.7) 
 
Then, the system Hamiltonian is introduced as 
 

 f i iH t fλ= +∑                                                                 (27) 
 
where iλ  is the Lagrange multiplier for the i-th constraint equation, f i. By solving the following equations: 
 

 0 1,...,i i
i

H
g i n

λ
∂= = =
∂

                                                         (28.1) 

 

 0 1,...,j j
j

H
g j n

t

∂= = =
∂

                                                            (28.2) 

 
where in  and jn  are the number of constraints and switching times, respectively. Therefore, a set of 

i jn n+  equations is obtained which can be solved to determine the switching times including the final 
maneuver time ft , and the Lagrange multipliers. To solve the established set of equations various 
numerical techniques can be used. In this work, the simple shooting (Newton) numerical method is 
employed.  

Solution procedure. The steps of the numerical procedure for the solution of the developed time optimal 

and near-minimum-time optimal control laws are summarized below. 

1) Find the bang-bang control input profile for the first mode (rigid body mode) using Eq. (23). 

2) To smoothen the bang-bang control profile, choose either case I or II, whichever makes a smooth 

transition between its steps in the form of an inclined line or a curve of order two, respectively. 

3) Determine the constraints of the problem by considering the state equations and then convert the 

optimal control problem into the parameter optimization problem as discussed above. 

4) Solve the parameter optimization problem by the shooting (Newton) method. 

Next, the developed control law is applied on a given satellite during a slewing maneuver, and the 

simulation results are discussed. 
 

6. SIMULATION RESULTS 
 
To illustrate the numerical procedure, the slewing maneuver of a given satellite is considered. The system 

parameters and maneuver specifications are listed in Table 1. The flexible solar panels are considered as 

Euler-Bernoulli beams and simulated by the assumed modes method, in which the first five modes are 

retained in the dynamics model. A single torque actuator located on the main body (satellite bus) is used 

to control the rotating maneuver. The natural frequencies iω , and the components of Φ  in Eq. (17), for 

the first five modes, are given in Table 2. 

Now, to define )(1 tu , following the solution procedure the mid-maneuver and final times are 

obtained as t1=3.155s and tf=6.311s. The attitude of the rigid platform and the appendages are illustrated in 

Fig. (4). If we apply this control torque to the first flexible mode (second equation of Eqs. (16)), its 

response is obtained as shown in Fig. (5a). As shown in this figure, the amplitude of this vibration is about 

10 cm and may cause drastic damage. To alleviate this vibrating motion, the control input )(2 tu  is 

calculated and applied. 
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Table 1. System parameters and maneuver specifications 
 

Parameter Value 
Distance between O and C b 0.80 m 

Central body inertia 

I1 132 Kgm2 

I2 77 Kgm2 

I3 135 Kgm2 

Solar panels length L 4m 

Solar panels thickness t 0.02 m 

Solar panels width w 0.50 m 

Solar panels material stiffness EI 20.10 Nm2 

Solar panels material density ρ  0.81 Kg/m2 

Maximum torque avilable  u 20 N.m 

Total mass of spacecraft M 800 Kg 

Total slewing angle fθ  20 deg 

 
Table 2. Flexible modes specifications 

 
I iω  (rad/s) iΦ  

1 0 0.0628 
2 1.2355 -0.0328 
3 6.9311 0.0092 
4 19.3320 0.0043 
5 38.2100 -0.0026 

 
Following the presented solution procedure, switching times and the final maneuver time can be 

calculated as 
 

t1 = 1.0,  t2 = 2.69,  t3 = 4.694,  t4 = 6.389,  tf = 7.689s 
 
The attitude of the rigid platform and the appendages are illustrated in Fig. (4). Solving for the first 

flexible mode, the vibration of the endpoint of the appendages are shown in Fig. (5b). Compared to that of 

)(1 tu , the amplitude has reduced by 2 cm. For more reduction one can increase the value of “a” which is 

taken equal to one so far, but this results in a trade off between the maneuver time and the amplitude of 

the vibration. The application of 3( )u t  is a better approach for vibration suppression and maintaining the 

maneuver time near its minimum value. To this end, switching times and final maneuver time are obtained 

as 
 

1 2 3 4 5

6 7 8 9 f

t 1.0, t 2.0, t 2.31, t 3.31, t 4.31

t 5.31, t 6.31, t 6.62, t 7.62, t 8.62

s

s

= = = = =
= = = = =

 

 
The attitude of the rigid platform and the appendages are illustrated in Fig. (4), and the vibration of the 

endpoint of appendages are shown in Fig. (5c). As seen, the amplitude has reduced to 5.3 cm, which 

shows a drastic suppression of the endpoint vibration under the application of 3( )u t . Comparing the 

maneuver duration in these cases, it can be seen that the application of 3( )u t  results in a 2.309s increase of 

maneuver time (where tf=6.311s is the minimum duration obtained for 1( )u t ), while reducing the 

amplitude of appendage vibration by 55%.  
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(a)                                                                                   (b) 

Fig. 4. Attitude response to three inputs: a) Rigid body, b) Appendages. 

  
    (a) 

                  
                                                   (b)                                                                              (c) 
 

Fig. 5. First flexible mode response to: a) Bang-Bang, b) Case I, c) Case II 
 

7. CONCLUSION 
 
In this paper, a near-minimum-time optimal control law for a rigid space platform with flexible links 
during an orientating maneuver with a large angle of rotation was developed. The time optimal control 
solution for the rigid-body mode was obtained as a bang-bang function, and applied to the flexible system 
after smoothing the control inputs to reflect practical limitations in exerting bang-bang actuator 
forces/torques. The modified control input was obtained by adding additional state variables to the 
original time optimal control problem to describe the derivatives of control input, along with additional 
constraints that confine the magnitude of the derivatives to the given values. The developed control law 
was applied on a given satellite (called Sepehr) consisting of two elastic panels during a slewing 
maneuver. The simulation results revealed that the developed near optimal input compared to the bang-
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bang solution goes well with the practical limitations and alleviates the vibration of the flexible 
appendages.  
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