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FUNCTIONAL
ANALYSIS

A GRUSS TYPE OPERATOR INEQUALITY

T. BOTTAZZI' and C. CONDE!:?*

Communicated by T. Yamazaki

ABSTRACT. In 2001, Renaud obtained a Griiss typeoperator inequality involv-
ing the usual trace functional. In this article, we give a refinement of that result,
and we answer positively Renaud’s open problem.

1. INTRODUCTION

In 1935, Griiss [6] obtained the following inequality: if f, g are integrable real

funf'timﬁ on |a,b] and there exist real constants a, 3, v, 0 such that a < f(z) <
B,y < g(x) <9 for all z € [a; b] then

\H/f vt - [ orie [ o) ] < 25 s,

and the inequality is slmrp in the sense that the constant 1/4 cannot be replaced
by a smaller constant. This inequality has been investigated, applied, and gener-
alized by many mathematicians, including Bani¢, Bourin, Matharu, Moslehian,
Ilisevi¢, Renaud, and Varosanec, among others, in different areas of mathematics
(see [8] and the references within).

In this work, H denotes a (complex, separable) Hilbert space with inner product
(-,-). Let (B(H),| - ||) be the C*-algebra of all bounded linear operators acting
on (H, (-,-)) with the uniform norm. We denote by Id the identity operator, and
for any A € B(H), we consider A* its adjoint and |A| = (A*A)Y?2 the absolute
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