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Abstract 
  
The field equations of general relativity can be derived from a stationary action principle. But these equations are 
not unique; they may be modified by adding, for example, a second order curvature term to the gravitational action. 
The inclusion of one such a small corrective term leads to a set of equations with four new terms (which involve up 
to the fourth derivative of the scale factor). When we consider the case of a radiation-filled universe, it turns out that 
the effects of these new terms cancel if we adhere to the Robertson-Walker mertic (which has built into it the ob-
served features of homogeneity and isotropy). We find √  1  and √  to be equally valid 
solutions of the modified field equations (where R(t) is the scale factor and b and l are constants; l is very much 
smaller than b; p = _1). Only the first and second derivatives of R turn out to be non-vanishing. The Robertson-
Walker cosmology survives our modifications even for times that are long compared with the Planck time.  
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1. Introduction 

 
General Relativity (GR) is a theory of gravity, and 
since gravity is the force that controls the large-scale 
dynamics of the universe, then "…one cannot arrive, 
by way of theory, at any at least somewhat reliable 
results in the field of cosmology, if one makes no 
use of the principle of general relativity" [1].  Never-
theless, GR with all its aesthetic aspects and attrac-
tions, is far from a perfect theory in the sense that it 
is consistent with an infinite number of different 
models for the universe. However, the large-scale 
properties of the universe can be used to impose 
constraints on models of the universe. These large-
scale (i.e. of the order of 108 light years) properties 
are: isotropy and homogeneity; in fact according to 
Schur's theorem the former implies the latter [2].  
Evidence for these come from the distribution of 
galaxies and the distribution of their apparent magni-
tudes and redshifts; the isotropy of the distribution of 
radio sources in the sky; and the remarkably isotrop-
ic microwave background radiation [3] which has 
the same intensity in all directions to a precision of 
better than one part in 104 when correction is made 
for the effects of the Earth's motion relative to the 
frame of reference in which the radiation would be 
isotropic [4]. These powerful and well-justified 
symmetry constraints are built into the structure of 
the Robertson-Walker [5] metric (hereafter abbre-

viated RW): 
  

1

sin                                1   

 Where R(t) is the well-known cosmic scale factor (and 
the speed of light is taken to be unity). 
Now, the standard field equations are those at which 
Einstein arrived by a combination of inspired guess, 
trial and error, and the principle of equivalence: Eins-
tein's equation is the correct relation between the curva-
ture (more precisely the contracted version of the curva-
ture tensor-the Ricci tensor) on the one hand, and the 
source of gravity (the stress-energy tensor describing 
the mass-energy content of the universe) on the other. 
His equations are: 
 

,                                             (2) 
 
or equivalently: 
 

,                                                              (3) 
 
where  is the source-term 1/2   [6].  
But there is another approach that leads to Eq. [2] via 
the action principle [7]. 
This approach involves the guessing of a single scalar 
quantity rather than a whole set of tensor equations. The 
simplest scalar which we can think of is the scalar cur-
vature R. But it is possible to think of other scalars, e.g. 
R2, and we will see how the addition of such a term to R 
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in the action, will give rise to a new set of field eq-
uations. The field equations, of course, will be in 
terms of the curvature scalar, the Ricci tensor, and 
the energy-momentum tensor. The aim is then to 
express the Ricci tensor (and other relevant tensors) 
in term of the cosmic scale-factor and substitute 
these in the field equations, and obtain predictions 
for the dynamical evolution of the universe. 
 
2. Standard Field Equations 

 
Consider the action integral: 
 

1
16  .                              4  

 
We evaluate the variation of the above integral and 
find: 
 

  , 

            (5) 
(where we have used the Leibniz rule for differen-
tiating under the integral sign, and the fact that 

). 
Let us first consider the last term under the integral 
sign, namely  . We use the Palatine 
identity [8]: 
 

; ; ,                               (6) 
 
and remember that in performing the differentia-
tions, the tensors ,  and   may be treated as 
constants since their covariant derivatives are zero. 
Therefore 
 

 Γµ ;
Γ

;
. 

             (7) 
If we re-write this expression, symbolically, as  

; ;
, and use the result ;

√
 , we will see that the above term (ex-

pression (7)), amounts to: 
 

Γ Γ .                8  
 
When this is integrated over all space, we get zero. 
Next we note that 0, from which, after some 
algebra, we obtain: 
 

.                                      (9) 
 
Therefore the first term in the variation (5) becomes 

. 
And finally for the middle term in (2) we can write 
[9]: 

 
 .                                     (10) 

 
Thus, the variation in the gravitational action can be 
written  
 

1
16

,
,

1
2  

           (11) 
or, equivalently, 
 

1
16 1/2   . 

               (12) 
 
The energy-momentum tensor, , for a system de-
scribed by an action  is defined by:  
 

1
2 .                                         13  

 
Therefore , is seen to be equal to: 
 

1
2 8

16                14  
 
which in turn implies that 
 

8 0,                                   (15)  
 
which is the famous Einstein field equation. 
 
3.  Non-Standard Field Equations 
 
Now we add to R in Eq. (4), a term proportional to R2.  
Thus: 
 

1
16 ,                              16  

 
where a is a small constant.  This time the variation of  

 contains the extra term .  We use the tech-
niques outlined above (some details of the calculation 
are given in Appendix I) to show that the principle of 
stationary action in this case implies: 
 

2 2 ;

2 ; 8 0.  
(17) 

Or, upon multiplying by (gμα gνβ) and re-naming the 
indices: 
 

1
2

1
2 2 2 ;

2 ; 8 0. 
    (18) 
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4. Application to Cosmology 
 

Now, we would like to investigate the effect, on 
the behaviour of the cosmic scale factor R(t), of the 
additional term a R2 in the gravitional action. The 
RW metric may be written in the following from: 
 

1
1
sin ,                      19  

 
(with the curvature index k = 0, +1, or -1). 
Accordingly, for the components of the Ricci tensor, 
we have (Appendix I): 
 

         and            3 . 
 
The latter vanishes because R is only a function of 
time, not spatial coordinates.  And for the space-
space components we obtain:  
 

2                                20  
 

(symbols with the tilde ~ sign correspond to the  
in the RW metric). 
Then, using 2 ,  we find: 
 

2 2                            (21) 
 

The curvature scalar  is therefore 
 

6 .                        22  

 
Let us set k = 0 (assuming flat 3D space), that: 
 

6 ,                                         23   
 
and: 
 

 36 .                  (24)  
 
Now: 

 ; Γ ,                   (25) 
 
Therefore: 
 

; 6
2

6
8

6 ,                                  29  

(where  denotes the 4th derivative with respect to 
time). 
Also:  

;
,

, Γ  

(27) 
Therefore, after doing the sums, we arrive at: 
  

;

6 8 6
. 

                  (28) 
 
With a = 0, the field Eq. (18) reduces to the standard 
Einstein's field equation, whose tt-component gives 
(using ): 
 
3 1

2 1 6 8 0                29  

 
or 
 

  8 0                                  (30) 
 
Now, in a radiation-dominated universe, the radiation 
which moves relative to the matter with the speed of 
light, has associated with it, a redshift that reduces the 
energy by a factor R-1 in addition to the R-3 expansion 
factor.  With the density being proportional to R-4, then, 
we can check that √  (with b = const) satisfies 
Eq. (30): 
 
3 1/2 / /           8 /    

(31) 
Whence: 
 

,                                              (32) 
 
as expected. 
 
Now let us enquire as to what happens when we use the 
modified field Eq. (18), with 0≠a  (but some small 
constport value): the tt- component of that equation im-
plies 
 

18 0 8 , 
           (33) 

since ; ; . 
If we now try the ansatz /  for a radiation-
domineted universe, we find: 
 

1/16  , 1/16  
 
and ,  and so: 
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1

16
1

16 0                 35  
                   
This means that, we get the same solution as for Eq. 
(30) which followed from the Einstein's standard 
equation upon substituting for the Ricci tensor com-
ponents, in terms of R(t). 
(A solution of the form / 1 , where l 
is small, would also give: 
 

0                                              (36) 
 
because: 
 

16  1 8 ,                                          37   
 
And:  
 

16  1 8 ,                                          38  
 
terms containing the product al being treated as neg-
ligible).   
Next we turn to the space-space components of the 
field equation (12) which, in terms of R(t), can be 
written:  
 

 8                                  39  
 
Where: 
 

2 , 
1
2 6  

1
2 36

2

2 6 1

2 24
2

 

           (40) 
Therefore 
 

2 6

24 2

8 ,                     41  
 
since . 
Thus the space-space components of Eq. (15) give:  
 

8 ,                                     42  

                      
where 
 

2 ,    ,   and 
6 54 24 24 .                 43  

 
Again if we try a solution of the form ~ / , assume 
that radiation is completely dominat oven matter, and 
use the fact that the radiation pressure is u/3 (or, having 
used natural units, /3), we will find that:  
 

2 4
3
8

54
16

9
2

8
, 

(44) 
where a and C  are constants.  Thus the equation is sa-
tisfied by /  (while the coefficient of  va-
nishes). 
For 1 , (where l is a small constant) we 
find (see the Appendix) from Eq. (42), 
 

2 1 4 4 1 4
3
8

54
16

9
2

3
1

8 1 4 . 
                      (45) 

Clearly the coefficient of a in Eq. (45) vanishes and we 
have 
 

1/4 2
8

32 . 
(46) 

Comparing the coefficients of  and of , we see 
that: 
1
4 8 ,   2 32                       47  
 

and so , 1.  

But, with 1 , the tt-component of Eq. 
(35) gives 

3
4 3

8
32 ,   

(48) 
which implies that p = -1.  
Here we note that we could have eliminated ρ  between 
Eq. (35) and (49) with the assumption that we are deal-
ing with a radiation-dominated universe; this would tell 
us that 
 

6 24 12 12 0. 

 (49) 
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Putting 1 , we would expect that the 
coefficients of  vanish (see Eq. (35) and (45)), 
and of course they do. Both /  and 

/ 1  satisfy Eq. (49) (where, as before, l 
is very much smaller than b). 
 
5.  Conclusions 

 
With the inclusion of a second-order curvature term 
in the gravitational action, we obtained four new 
terms in the field equations. However, so long as the 
RW metric is believed to be giving a true description 
of the geometric properties of space-time [9], and for 
a radiation-dominated universe, the effects of these 
terms cancel. We have found that both /  
and / /   satisfy the field equations. 
Clearly /  becomes totally insignificant for 
relatively long times. Thus we conclude that even 
with an additional second-order curvature term in 
the gravitational action we still regain a stable RW 
cosmology. 
____________________________________ 
 
Appendix    
 
Here we present some details of the derivation of 
Eqs. (17), (22), and (45).  
(i) Clearly the variation of /   is 
 

1
1 2

1
2

2
2 . 

  (A1) 
We also note that the identity: 
 

Γ ; Γ ; ,                               (A2) 
 
can be written in terms of  in the following 
manner: 

1
2

,
, ; ; ; ;

; ; ; ;
. 

           (A3) 
Therefore 
 

2
; ;

; ; ; ;

; ;
. 

               (A4) 
 

Bearing in mind that here we are concerned with the 
covariant derivative, we integrate (A4) by parts twice to 
get:  
   

; ; ; ;

; ; ; ; , 
(A5) 

 (the surface terms have vanished because  must 
vanish as | | ∞, and we are integrating over all 
space). 
Now: 
 

; ; ; ; , 
 
and,        
 

; ; ; ; . 
 
Hence expression (A5) can be written as: 
 

2 ; ;

2 ; ; . 
               (A6) 

and the integrand is: 
 

2 ; ;

2 ; ; . 
                              (A7)  

Thus we can write 
 

, 

 
in which [...] is 
 

1/2 2 2 ; 2 ; . 
 
The condition that the total action be stationary with 
respect to arbitrary variations in  then renders Eq. 
(17). 
 
(ii) Derivation of Eq. (22): For the RW metric,  

1, 0,  for i ≠ j,  and , for i=j. 
                                 (A8) 

In the expression  
 

Γ
1
2 , 

 
clearly for σ = 0, the lst and 2nd terms in the bracket va-
nish. 
So: 
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Γ
1
2

1
2 1

. 
                                                             (A9) 

Similarly, Γ 2 . 
 
All other affine connections vanish. 
It is also clear that: 
 

Γ
1
2 , 

 
and so Γ Γ  .   
 
Using the general expression for the Ricci tensor: 
 

Γ
Γ Γ Γ Γ  ; 

 
it is straightforward (though tedious) to find the ex-
pressions for R00, R0i, Rij and hence Eq. (22). 
 
(iii) In writing Eq. (45), we have used the results: 
 
2

2 1 4  ,  

4 1 4  ,  

16 1 8  ,  

16 1 8  ,  

3
16 1  

4
3 4

8
3  ,  

16 1 4  .  

 
and we have omitted all terms containing a l, l 2 , etc. 
 
References 
 

[1] A. Einstein, "Replay to criticisms" in P. A. Schilpp, ed, 
(Library of Living Philosophers 1949-2000). 

[2] Schur's theorem states that: if all points of a space are 
isotropic then the curvature at all of them must be the 
same. So isotropy everywhere in fact implies homogeni-
ty. 

[3] M. Longair, "The New Astrophysics" in The New Phys-
ics, P. Davies, ed, Cambridge University Press (1989). 

[4] Since COBE's discovery in 1991, it is generally well 
known that the "ripples" (non-uniformities) in the tem-
perature of the background radiation are of the order of 
10-5 and an important "cosmic number" Q is associated 
with this value whose fine-tuning is the subject of much 
fascinating discussion. But these small variations need 
not concern us here.    

[5] See for example R. d'Inverno, Introducing Einstein's Relativi-
ty, Oxford University Press (1992). This metric could de-
scribe an expanding or contracting universe.  After the dis-
covery of a positive acceleration for the expansion of the un-
iverse in 1998 (which the journal Science rated as the number 
one scientific discovery of that year) much interest has been 
revived in the de Sitter type metrics. However the main point 
of the present article is to advocate yet another merit of the 
RW metric.    

[6] Multiplying [2] by gμν and applying the summation conven-
tion, we get R – (1/2) (4) R = - κT, and if we substitute this 
for R in [2], we get [3]. 

[7] First used in this context by the famous mathematician David 
Hilbert in Nac. Ges. Wiss. Goettingen (1916), p. 395. For in-
teresting comments, also see Kip S. Thorn, "Black Holes and 
Time Warps: Einstein's Outrageous Legacy", W. W. Norton 
(1994). 

[8] S. Weinberg, Gravitation and Cosmology: Principles and 
applications of the general theory of relativity (Wiley, New 
York 1972). 

[9] This is because g is defined by the equation, 
  and so after a few lines of alge-

bra we find:  
1
2

/ 1
2

 . 
[10] Much more involved calculations using quantum field theo-

retic methods and extra dimensions have rendered results 
consistent with the RW metric. See for example T. Fukui, S. 
Seahra, and P. Wesson, J. Math. Phys. 42, 5195, (2001). 
 
 

 

 

 

Archive of SID

www.SID.ir

www.sid.ir
www.sid.ir


 

 

https://sid.ir/1791
https://sid.ir/1792
https://sid.ir/1793
https://sid.ir/1795
https://sid.ir/1794
https://sid.ir/1796
https://sid.ir/1702
https://sid.ir/1700
https://sid.ir/1699
https://sid.ir/1698
https://sid.ir/1787

