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ABSTRACT

Two dimensional steady hydromagnetic boundary layer flow of a viscous, incompressible, and elec-
trically conducting nanofluid past a stretching sheet with Newtonian heating, in the presence of
viscous and Joule dissipations is studied. The transport equations include the combined effects
of Brownian motion and thermophoresis. The governing nonlinear partial differential equations are
transformed to a set of nonlinear ordinary differential equations which are then solved using Spectral
Relaxation Method (SRM) and the results are validated by comparison with numerical approxima-
tions obtained using the Matlab in-built boundary value problem solver bvp4c, and with existing
results available in literature. Numerical values of fluid velocity, fluid temperature and species con-
centration are displayed graphically versus boundary layer coordinate for various values of pertinent
flow parameters whereas those of skin friction, rate of heat transfer and rate of mass transfer at the
plate are presented in tabular form for various values of pertinent flow parameters. Such nanofluid
flows are useful in many applications in heat transfer, including microelectronics, fuel cells, phar-
maceutical processes, and hybrid-powered engines, engine cooling/vehicle thermal management,
domestic refrigerator, chiller, heat exchanger, in grinding, machining and in boiler flue gas tempera-
ture reduction.

Keywords: Magnetohydrodynamics; Nanofluid; Newtonian heating; Joule dissipations; Viscous
dissipation.

NOMENCLATURE

a constant associated with linear stretching
B0 applied magnetic field
Bi Biot number
C nanoparticle volume fraction
C f skin-friction coefficient
cp specific heat at constant pressure
Cw wall nanoparticle volume fraction
C∞ ambient nanoparticle volume fraction
DB Brownian diffusion coefficient
DT thermophoretic diffusion coefficient
Ec Eckert number
f dimensionless stream function
h heat transfer coefficient
k thermal conductivity of the base fluid

Le Lewis number
M magnetic parameter
Nb Brownian motion parameter
Nt thermophoresis parameter
Nux local Nusselt number
Pr Prandtl number
qm wall mass flux
qw wall heat flux
Shx local Sherwood number
T nanofluid temperature
Tf characteristic temperature
T∞ ambient temperature of nanofluid
u velocity component along x direction
uw stretching velocity of the sheet
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v velocity component along y direction
x coordinate along the sheet
y coordinate normal to the sheet

α thermal diffusivity of base fluid
η similarity variable
µ viscosity of the base fluid
ν kinematic viscosity of the base fluid

φ dimensionless nanoparticle volume fraction
ψ stream function
ρ density of the base fluid
σ electrical conductivity of the base fluid
θ dimensionless temperature
τ ratio of specific heat capacities
τw surface shear stress

1. INTRODUCTION

Nanofluids have many applications in indus-
tries since materials of nanometer size have
unique thermo-physical properties. The term
”nanofluid” has been foremost introduced by
Choi (1995). Basically, nanofluids are solid-
liquid composite materials consisting of solid
nanoparticles (or nanofibers with sizes typically
of 1-50 nm) suspended in liquid. Nanofluids
have attracted great interest recently because
of reports of greatly enhanced thermal proper-
ties. A small amount (< 1% volume fraction) of
Cupper (Cu) nanoparticles or carbon nanotubes
dispersed in ethylene glycol or oil is reported
to increase the inherently poor thermal conduc-
tivity of the liquid by 40% and 150% respec-
tively (Choi et al. 2001). Thus, the perfor-
mance of heat transfer systems can be signif-
icantly improved if regular fluids are replaced
by nanofluids. The interdisciplinary nature of
nanofluid research presents a great opportunity
for exploration and discovery at the frontiers
of nanotechnology. A comprehensive study of
heat transfer in nanofluids was made by Buon-
giorno and Hu (2005), Kakac and Pramuan-
jaroenkij (2009), Das and Choi (2009), Wang
and Mazumdar (2007) and Das et al. (2008).
Due to the significance of the study of flow
and heat transfer caused by a stretching surface
in many practical manufacturing process e.g.
drawing, annealing and tinning of copper wires,
continuous stretching, rolling and manufactur-
ing of plastic films and artificial fibers, heat
treated materials traveling on conveyer belts,
glass blowing, crystal growing, paper produc-
tion, flow of fluids over stretching sheet was
studied by a number of researchers. Sakiadis
(1961) was the first one to analyze the boundary
layer flow over a continuous solid surface mov-
ing with constant speed. Erickson et al. (1966)
extended his study by including the wall suc-
tion or blowing and investigated its effects on
the heat and mass transfer in the boundary layer.
It was Crane (1970) who first studied the flow
of an incompressible viscous fluid over a lin-
early stretching sheet. He obtained an exact so-
lution for the flow field. Many researchers like
Gupta and Gupta (1977), Grubka and Bobba

(1985), Cortell (2005), Chen (1998), Vajravelu
and Roper (1999) studied the fluid flow over
a stretching sheet considering different aspects
of the problem. Though the use of a mag-
netic field provides a stabilization mechanism
in fluid flow and heat transfer problems, the ef-
fect of applied magnetic field was not consid-
ered in the research studies made above. Such
types of flows are encountered in polymer in-
dustry and metallurgy. The metallurgical appli-
cations include the cooling of continuous strips
or filaments in, e.g., the process of drawing, an-
nealing, and thinning of copper wires. How-
ever there are very few studies which consider
the effect of an external magnetic field on the
flow of a nanofluid over a stretching/shrinking
sheet. The effect of magnetic field on stagnation
point flow and heat transfer due to nanofluid to-
wards a stretching sheet was studied by Ibrahim
et al. (2013). Chamkha et al. Chamkha
et al. (2011) investigated the unsteady, laminar,
boundary-layer flow with heat and mass trans-
fer of a nanofluid along a horizontal stretching
plate in the presence of a transverse magnetic
field, melting and heat generation or absorption
effects. Mahapatra and Gupta (2001) and Ma-
hapatra and Gupta (2002) and Mahapatra et al.
(2009) investigated the magnetohydrodynamic
stagnation point flow towards a stretching sheet.
The two important features of nanofluids are
Brownian motion and thermophoresis (Xuan
and Li 2003). Brownian motion describes the
random movement of nanoparticles in the base
fluid. This random movement implies a colli-
sion of particles into each another. The colli-
sion passes on the kinetic energy of the particles
to the molecules. The impact of particles upon
other particles is negligible because the con-
centration of particles in nanofluids is normally
low. Thermophoresis describes the nanoparti-
cle dispersion in the base fluid due to tempera-
ture gradient. Nield and Kuznetzov (2009) stud-
ied the Cheng-Minkowycz problem for bound-
ary layer flow of a nanofluid with Brownian mo-
tion and thermophoresis effects. The bound-
ary layer flow of a nanofluid past a vertical
flat plate has been discussed by Kuznetsov and
Nield (2010). Khan and Pop (2010) investi-
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gated the effects of Brownian motion and ther-
mophoresis on boundary layer flow of nanofluid
over a stretching sheet. Mustafa et al. (2011) re-
ported a numerical solution for thermal bound-
ary layer of a nanofluid in the region of stagna-
tion point towards a stretching sheet. Makinde
and Aziz (2011) presented an analysis of the
thermal boundary layer of a nanofluid past a lin-
early stretching sheet with a convective surface
boundary condition. Contributions on the flow
of nanofluids are also due to Sreenivasulu and
Bhaskar Reddy (2015), Parasuraman and Chel-
lasamy (2015), Malvandi et al. (2014a) and
Malvandi et al. (2014b).

Viscous and Joule dissipation effects are impor-
tant in a number of fluid engineering devices.
The energy dissipated due to motion of the fluid
and retardation due to the application of mag-
netic field into the system, has a heating/cooling
effect on the surface which result in signifi-
cant heat transfer to the fluid in the boundary
layer region. The hydromagnetic nanofluid flow
due to a stretching/shrinking sheet with viscous
dissipation and chemical reaction effects was
studied by Kameswaran et al. (2012). They
used the nanoparticle volume fraction model
to describe the nanofluid flow problem. Hady
et al. (2012) investigated radiation effect on
the viscous flow of a nanofluid and heat trans-
fer over a nonlinearly stretching sheet. Khan
et al. (2012) studied the unsteady free convec-
tive boundary layer flow of a viscous, incom-
pressible nanofluid along a stretching sheet with
thermal radiation and viscous dissipation effects
in the presence of an external transverse mag-
netic field. There are several industrial situa-
tions where the surface is convectively heated
by external source. This causes a certain change
in the surface temperature gradient and affects
the temperature of the fluid within the boundary
layer. Makinde and Aziz (2011) investigated the
boundary layer flow induced in a nanofluid due
to a linearly stretching sheet. They included the
effects of Brownian motion and thermophore-
sis effects in the governing transport equation.
Ibrahim and Shanker (2012) studied the bound-
ary layer flow and heat transfer of nanofluid
over a vertical plate with Newtonian heating.
The investigation of boundary layer stagnation
point flow of a nanofluid past a permeable flat
surface with Newtonian heating was carried by
Olanrewaju and Makinde (2013). They used the
Brownian motion and thermophoresis effects to
model the nanofluid flow. Recently, Nandkeol-
yar et al. (2013) investigated the effects of vis-
cous and Joule heating in the MHD stagnation
point flow through a stretching sheet in the pres-

ence of homogeneous-heterogeneous reactions
and non-linear convection.

The aim of the present study is to investigate the
steady hydromagnetic boundary layer flow of a
viscous, incompressible, and electrically con-
ducting nanofluid past a stretching sheet. The
effects of dissipative heat transfer due to viscous
and Joule dissipations are taken into considera-
tion. The surface of the stretching sheet is con-
vectively heated with a hot fluid which results
in the Newtonian heating effect into the sys-
tem. The Brownian motion and thermophoretic
effects are taken into account to model the
nanofluid flow. Such flow model finds applica-
tions in high-viscosity fluid engineering devices
which work under the influence of an external
magnetic field.

2. FORMULATION OF THE PROBLEM

Consider a steady two dimensional boundary
layer flow of a viscous, incompressible, and
electrically conducting nanofluid over a stretch-
ing surface (at y = 0) that is subjected to a New-
tonian heating process, which is characterized
by a temperature Tf and a heat transfer coef-
ficient h. Let the x- axis be taken along the
surface and y- axis normal to it. The fluid
flow is induced due to the stretching veloc-
ity uw(x) of the sheet along x-axis while the
fluid outside the boundary layer is at rest. The
fluid flow is permeated with a uniform trans-
verse magnetic field B0 applied parallel to y-
axis. No applied or polarized voltages exist so
the effect of polarization of fluid is negligible.
This corresponds to the case where no energy
is added or extracted from the fluid by elec-
trical means (Meyer 1958). It is assumed that
induced magnetic field generated by fluid mo-
tion is negligible in comparison to the applied
one. This assumption is justified because mag-
netic Reynolds number is very small for liquid
metal and partially ionized fluids (Cramer and
Pai 1973). The nanoparticle volume fraction C
and nanofluid temperature T at the surface are
Cw and Tw, respectively, while these values out-
side the boundary layer region, are C∞ and T∞,
respectively.

Under the assumptions made above the bound-
ary layer equations governing the conservation
of mass, momentum, energy and nano particle
volume fraction can be written as (Cramer and
Pai 1973; Mustafa et al. 2011; Makinde and
Aziz 2011; Nandkeolyar et al. 2013)
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∂u
∂x

+
∂v
∂y

= 0, (1)

u
∂u
∂x

+ v
∂u
∂y

= ν
∂2u
∂y2 −

σB0
2

ρ
u, (2)

u
∂T
∂x

+ v
∂T
∂y

=α
∂2T
∂y2 + τ

[
DB

∂C
∂y

∂T
∂y

+
DT

T∞

(
∂T
∂y

)2
]

+
µ

ρcp

(
∂u
∂y

)2

+
σB0

2

ρcp
u2, (3)

u
∂C
∂x

+ v
∂C
∂y

= DB
∂2C
∂y2 +

DT

T∞

∂2T
∂y2 , (4)

where u and v are velocity components in x and
y directions, respectively, ν is kinematic coeffi-
cient of viscosity, σ is electrical conductivity, ρ

is density, T is temperature, α is thermal diffu-
sivity, τ =

(ρc)p
(ρc) f

is the ratio of effective heat ca-
pacity of the nanoparticle material and heat ca-
pacity of the fluid, DB is Brownian diffusion co-
efficient, DT is thermophoretic diffusion coeffi-
cient, µ is dynamic viscosity, c is specific heat at
constant pressure. The subscripts p and f stand
for the thermophysical properties of nanoparti-
cles and the base fluid, respectively.

The governing Eqs. (1)-(4) constitute the equa-
tions governing the conservation of mass, mo-
mentum, heat and nanoparticle volume frac-
tion. The first two terms in the left hand side
of Eq. (2) presents the effect of inertial forces
while the first and second terms in the right
hand side account for the effects of viscous and
Lorentz forces, respectively. The second and
third terms in the right hand side of Eq. (3) in-
corporate the effects of Brownian diffusion and
thermophoretic diffusion, respectively while the
last two terms in this equation are due to dissi-
pative heat transfer caused due to viscous and
Joule dissipations. Equation (4) which governs
the conservation of nanoparticle volume frac-
tion also considers the effect due to Brownian
diffusion and thermophoretic diffusion (see last
two terms in Eq. (4)).

The boundary conditions for the problem are

u = uw(x) = ax, v = 0, − k
∂T
∂y

= h(Tf −T ),

C =Cw at y = 0
u = 0, v = 0, T = T∞, C =C∞, as y→ ∞ (5)

where k is thermal conductivity of the
nanofluid.

We now introduce the following transforma-

tions

ψ(x,y) =
√

aνx f (η), θ =
(T −T∞)

(Tf −T∞)
,

φ =
(C−C∞)

(Cw−T∞)
, η =

√
a
ν

y, (6)

where η is similarity variable, ψ(x,y) is the
stream function, and f (η) is the dimension-
less stream function. The above transformation
is chosen in such a way that u = ∂ψ/∂y and
v =−∂ψ/∂x.

Using the above transformation, the equation of
continuity (1) is automatically satisfied and we
obtain from Eqs. (2), (3) and(4), respectively as

f ′′′+ f f ′′− f ′2−M f ′ = 0 (7)

θ
′′+Pr f θ

′+PrNb φ
′
θ
′+PrNtθ′2

+PrEc f ′′2 +PrMEc f ′2 = 0 (8)

φ
′′+Le f φ

′+
Nt
Nb

θ
′′ = 0 (9)

subject to the following boundary conditions:

f = 0, f ′ = 1, θ
′ =−Bi[1−θ], φ = 1 at η = 0

f ′→ 0, θ→ 0, φ→ 0 as η→ ∞, (10)

In the above equations, primes denote differen-
tiation with respect to η and the seven parame-
ters are defined by

M =
σB2

0
ρa

, Pr =
ν

α
, Nb =

(ρc)pDB(cw− c∞)

(ρc) f ν
,

Nt =
(ρc)pDT (Tf −T∞)

(ρc) f T∞ν
,Ec =

u2

cp(Tf −T∞)
,

Le =
ν

DB
, Bi =

h
k

√
ν

b
,

where M is the magnetic parameter, Pr is the
Prandtl number, Nb is the Brownian motion pa-
rameter, Nt is the thermophoresis parameter, Ec
is the Eckert number, Le is the Lewis number,
and Bi is the Biot number.

The physical quantities of interest are the skin
friction coefficient C f , the local Nusselt num-
ber Nux and the local Sherwood number Shx
which are defined as

C f =
τw

ρU∞
2 , Nux =

xqw

k(Tf −T∞)
,

Shx =
xqm

DB(Cw−C∞)

where the surface shear stress τw, the local heat
flux qw, and the local mass flux qm are given by

1980
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τw = µ
(

∂u
∂y

)
y=0

, qw =−k
(

∂T
∂y

)
y=0

,

qm =−DB

(
∂C
∂y

)
y=0

Using the similarity variables (6), the coeffi-
cients of skin-friction, heat transfer, and mass
transfer, are given by

(Rex)
1/2C f = f ′′(0), (11)

(Rex)
−1/2Nux =−θ

′(0), (12)

(Rex)
−1/2Shx =−φ

′(0) (13)

where Rex =
uwx

ν
is the local Reynolds number.

3. SOLUTION TECHNIQUE

In order to solve the equations (7)-(9) subject
to the boundary conditions (10) the Spectral
Relaxation Method (SRM) suggested by Motsa
and Makukula (2013) and Kameswaran et al.
(2013) is used. The method uses the Gauss-
Seidel approach to decouple the system of equa-
tions. In the framework of SRM method the it-
eration scheme is obtained as

f ′r+1 = pr, fr+1(0) = 0, (14)

p′′r+1 + fr+1 p′r+1−M pr+1 = p2
r , (15)

θ
′′
r+1 +Pr fr+1θ

′
r+1 =−[Pr Nbθ

′
rφ
′
r +PrNtθ′2r

+PrEc p′2r+1 +PrMEc p2
r+1], (16)

φ
′′
r+1 +Le fr+1φ

′
r+1 =−

Nt
Nb

θ
′′
r+1, (17)

The boundary conditions for the above iteration
scheme are

pr+1(0) = 1, pr+1(∞)→ 0, (18)
θ
′
r+1(0) =−Bi{1−θr+1(0)}, θr+1(∞)→ 0,

(19)

φr+1(0) = 1, φr+1(∞)→ 0, (20)

In order to solve the decoupled equations (14)-
(17), we use the Chebyshev spectral colloca-
tion method. The computational domain [0,L]
is transformed to the interval [-1, 1] using η =
L(ξ+1)/2 on which the spectral method is im-
plemented. Here L is used to invoke the bound-
ary conditions at ∞. The basic idea behind
the spectral collocation method is the introduc-
tion of a differentiation matrix D which is used
to approximate the derivatives of the unknown
variables at the collocation points as the matrix
vector product of the form

d fr+1

dη
=

N

∑
k=0

Dlk fr(ξk) = Dfr, l = 0,1,2, .....,N,

(21)

where N + 1 is the number of collocation
points (grid points), D = 2D/L, and f =
[ f (ξ0), f (ξ1), ..., f (ξN)]

T is the vector function
at the collocation points. Higher-order deriva-
tives are obtained as powers of D, that is,

f (p)
r = Dpfr, (22)

where p is the order of the derivative.
Applying the spectral method to equations (14)-
(17), we obtain

A1fr+1 = B1, fr+1(ξN) = 0, (23)

A2pr+1 = B2, pr+1(ξN) = 1, pr+1(ξ0) = 0, (24)

A3Θr+1 = B3, θ
′
r+1(ξN) =−Bi{1−θr+1(ξN)},

θr+1(ξ0) = 0, (25)

A4Φr+1 = B4, φr+1(ξN) = 1, φr+1(ξ0) = 0, (26)

where,

A1 = D, B1 = pr, (27)

A2 = D2 +diag(fr)D+diag(−M)I, B2 = p2
r ,

(28)

A3 = D2 +diag(Prfr)D, B3 =−[PrNbφ
′
rθ
′
r

+PrNtθ′2r +PrEc p′2r+1 +PrMEc p2
r+1],

(29)

A4 = D2 +diag(Lefr)D, B4 =−
Nt
Nb

θ
′′
r+1,

(30)

In equations (27)-(30), I is an identity matrix
and diag[ ] is a diagonal matrix, all of size
(N+1)×(N+1) where N is the number of grid
points, f, p, Θ and Φ are the values of the func-
tions f , p, θ and φ, respectively, when evaluated
at the grid points and the subscript r denotes the
iteration number.

The initial guesses to start the SRM scheme for
equations (14)-(17) are chosen as

f0(η) = 1− e−η, p0(η) = e−η, θ0(η) =
1
2

e−ηBi,

φ0(η) = e−η (31)

4. VALIDATION OF RESULTS

The accuracy and robustness of the method have
been checked by comparing the SRM results
and bvp4c results for various values of Prandtl
number Pr and magnetic parameter M which are
given in tabular form in Tables 1 and 2. It is
clearly seen that both results are in good agree-
ment. It is worthy to mention here that bvp4c
is an in-built ODE solver in Matlab. In or-
der to further establish the accuracy of our nu-
merical computations, we have also compared
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Table 1 Comparison of SRM results and
bvp4c results for various values of magnetic

parameter PPPrrr when MMM === 222, LLLeee === 555,
NNNbbb === 000...111, NNNttt === 000...111, BBBiii === 000...111, and EEEccc === 000...111

SRM results
Pr − f ′′(0) −θ′(0) −φ′(0)
1 1.73205081 0.05463367 1.41894254
1.5 1.73205081 0.05489452 1.4354858
2 1.73205081 0.05394962 1.45179315
2.5 1.73205081 0.05252973 1.46769324
3 1.73205081 0.05089058 1.48319372
3.5 1.73205081 0.04914043 1.49834103

bvp4c results
1 1.73205081 0.05463367 1.41894254
1.5 1.73205081 0.05489452 1.4354858
2 1.73205081 0.05394962 1.45179315
2.5 1.73205081 0.05252973 1.46769324
3 1.73205081 0.05089058 1.48319371
3.5 1.73205081 0.04914043 1.49834102

Table 2 Comparison of SRM results and
bvp4c results for various values of

magnetic parameter MMM when LLLeee === 555 ,
NNNbbb === 000...111, NNNttt === 000...111, BBBiii === 000...111, EEEccc === 000...111 and

PPPrrr === 666...777888555000
SRM results

M − f ′′(0) −θ′(0) −φ′(0)
0 1.00000000 0.07968658 1.58999303
1 1.41421356 0.05731769 1.59321124
2 1.73205081 0.03686300 1.59239387
3 2.00000000 0.01691125 1.58821849
4 2.23606798 -0.00308537 1.58190265
5 2.44948974 -0.02343487 1.57450014

bvp4c results
0 1.00000000 0.07968658 1.58999302
1 1.41421356 0.05731769 1.59321123
2 1.73205081 0.03686300 1.59239385
3 2.00000000 0.01691125 1.58821847
4 2.23606798 -0.00308537 1.58190262
5 2.44948974 -0.02343487 1.57450010

the values of reduced Sherwood number Shr (=
Rex
−1/2Shx) and reduced Nusselt number Nur

(= Rex
−1/2Nux) obtained by Makinde and Aziz

(2011) and Olanrewaju and Makinde (2013),
respectively with the respective values calcu-
lated by the SRM technique. This comparison
is presented in Tables 3 and 4 and it has been
observed that our results are in full agreement
with the results obtained by Makinde and Aziz
(2011) and Olanrewaju and Makinde (2013).

5. RESULTS AND DISCUSSION

To study the effect of magnetic field on the
nanofluid velocity, the numerical values of the
fluid velocity is depicted graphically versus
boundary layer parameter η, in Fig. 1, for

Table 3 Computations showing comparison
with Makinde and Aziz (2011) for SSShhhrrr when

LLLeee === 111000 , BBBiii === 000...111, PPPrrr === 111000, EEEccc === 000 and
MMM === 000

Nb = 0.1 Nb = 0.2 Nb = 0.3
Nt Makinde and

Aziz (2011)
0.1 2.2774 2.3109 2.3299
0.2 2.2490 2.3168 2.3569
0.3 2.2228 2.3261 2.3900
0.4 2.1992 2.3392 2.4303
0.5 2.1783 2.3570 2.4792

Present
Results

0.1 2.2774 2.3109 2.3299
0.2 2.2490 2.3168 2.3569
0.3 2.2228 2.3261 2.3900
0.4 2.1992 2.3392 2.4303
0.5 2.1783 2.3570 2.4792

Table 4 Computations showing comparison
with Olanrewaju and Makinde (2013) for

NNNuuurrr when LLLeee === 111000 , BBBiii === 000...111, PPPrrr === 111000,
EEEccc === 000 and MMM === 000

Nb = 0.1 Nb = 0.2 Nb = 0.
Olanrewaju and

Nt Olanrewaju (2013)
0.1 0.0929 0.0873 0.0769
0.2 0.0927 0.0868 0.0751
0.3 0.0925 0.0861 0.0729
0.4 0.0923 0.0854 0.0703
0.5 0.0921 0.0845 0.0700

Present
Results

0.1 0.0929 0.0873 0.0769
0.2 0.0927 0.0868 0.0751
0.3 0.0925 0.0861 0.0729
0.4 0.0923 0.0854 0.0703
0.5 0.0921 0.0845 0.0670

various values of magnetic parameter. The ef-
fects of magnetic parameter M, Lewis num-
ber Le, Brownian motion parameter Nb, ther-
mophoresis parameter Nt, Biot number Bi, Eck-
ert number Ec and Prandtl number Pr on the
nanofluid temperature θ and species concentra-
tion φ, within the boundary layer region, are dis-
played graphically versus boundary layer coor-
dinate η, in Figs. 2 to 7, for various values of
pertinent flow parameters. The effects of in-
crease in the values of magnetic parameter M,
Lewis number Le, Brownian motion parameter
Nb, thermophoresis parameter Nt, Biot num-
ber Bi, Eckert number Ec, and Prandtl num-
ber Pr on the skin friction, which is measured
by f ′′(0), Nusselt number which measures the
rate of heat transfer at the plate and can be mea-
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Fig. 1. Effect of magnetic parameter MMM on
the fluid velocity fff ′′′ when LLLeee === 222, NNNbbb === 000...111,
NNNttt === 000...111, BBBiii === 000...111, EEEccc === 000...111 and PPPrrr === 777.
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(b)

Fig. 2. Effect of magnetic parameter MMM on
(a) the fluid temperature θθθ and (b) species
concentration φφφ when LLLeee === 222, NNNbbb === 000...111,

NNNttt === 000...111, BBBiii === 000...111, EEEccc === 000...111 and PPPrrr === 777.

sured as variation in θ′(0) and Sherwood num-
ber which measures the rate of mass transfer at
the plate and can be measured as a variation in
φ′(0), are presented in Table 5.

The effect of magnetic field M on the nanofluid

velocity f ′(η), nanofluid temperature θ(η), and
nanoparticle volume fraction φ(η) is depicted
in Figs. 1 and 2. An increase in the mag-
netic field signifies the increase in the resistive
force that appears in the flow field due to the
applied magnetic field. It is evident from Fig.
1. that the fluid velocity f ′ decreases on in-
creasing magnetic parameter M which implies
that the magnetic field reduces fluid velocity in
the boundary layer region. Thus the resistive
force that appears in the flow field has a ten-
dency to decrease the nanofluid velocity int he
boundary layer region. Fig. 2(a) which presents
the change in nanofluid temperature with mag-
netic field is quite important as it reflects the ef-
fect of Joulean dissipation on the heat transfer.
It is observed that the Joule dissipation has the
tendency to significantly increase the nanofluid
temperature. Fig. 2(b) demonstrate the influ-
ence of magnetic field on the fluid temperature
and nanoparticle volume fraction. This implies
that magnetic field tends to enhance both fluid
temperature and species concentration. Thus
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Fig. 3. Effect of lewis number LLLeee on (a) the
fluid temperature θθθ and (b) species

concentration φφφ when MMM === 222, BBBiii === 000...111,
EEEccc === 000...111, NNNbbb === 000...111, NNNttt === 000...111 and PPPrrr === 777.
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Fig. 4. Effect of Brownian motion
parameter NNNbbb on (a) the fluid temperature θθθ

and (b) species concentration φφφ when MMM === 222,
BBBiii === 000...111, EEEccc === 000...111, LLLeee === 222, NNNttt === 000...111 and

PPPrrr === 777.

the effect of magnetic field to reduce the fluid
velocity results in less transfer of heat from
the sheet to the ambient fluid which in turn in-
creases the temperature of the fluid within the
boundary layer regime. It is observed that the
thickness of the momentum boundary layer de-
creases while that of thermal and nanoparticle
concentration boundary layers increase with the
increasing effect of the applied magnetic field.

Figures 3(a) and 3(b) are plotted to show the ef-
fects of Lewis number Le on the nanofluid tem-
perature θ(η) and species concentration φ(η).
It is observed from Figs. 3(a) and 3(b) that
the effect of Lewis number is to increase the
nanofluid temperature whereas it reduces the
nanoparticle volume fraction significantly. The
Lewis number is the ratio of thermal diffusion to
mass diffusion which in turn becomes inversely
proportional to mass diffusion, given thermal
diffusion is constant. An increase in Lewis
number is equivalent to a decrease in mass dif-
fusion and thus it resembles that the nanofluid
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Fig. 5. Effect of Thermophoresis parameter
NNNttt on (a) the fluid temperature θθθ and (b)

species concentration φφφ when MMM === 111,
BBBiii === 000...111, EEEccc === 000...111, LLLeee === 222, NNNbbb === 000...111 and

PPPrrr === 777.

temperature decreases while the nanoparticle
volume fraction increases with the increase in
mass diffusivity. However, the observed ef-
fect is more significant on the nanoparticle vol-
ume fraction as compared to nanofluid tempera-
ture. Both the boundary layer corresponding to
nanofluid temperature and nanoparticle concen-
tration are affected by the increase in the mass
diffusion in which the effect on the nanoparti-
cle concentration is more significant which gets
thicker with the increase in mass diffusion. The
thermal boundary layer is respectively less af-
fected and gets thinner when mass diffusion in-
creases.

The significant effects of the presence of
nanoparticles in the base fluid are due to the
Brownian motion and thermophoretic diffusion.
Due to Brownian motion, the nanoparticles sus-
pended in a base fluid collide with each other
and loses its energy which contribute in the ther-
mal energy of the base fluid while the ther-
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Fig. 6. Effect of Biot number BBBiii on (a) the
fluid temperature θθθ and (b) species

concentration φφφ when MMM === 111, NNNttt === 000...111,
EEEccc === 000...111, LLLeee === 222, NNNbbb === 000...111 and PPPrrr === 777.

mophoretic force is the force which nanopar-
ticle moving away from the hot plate exert on
other nanoparticles moving slower. Due to ther-
mophoresis, there is a movement of nanopar-
ticles from the high temperature region to a
lower temperature region. The effects of Brow-
nian motion on the nanofluid temperature and
nanoparticle volume fraction are presented in
Figs. 4(a) and 4(b). It is evident from Figs. 4(a)
and 4(b) that fluid temperature increases while
the nanoparticle volume fraction decreases on
increasing Nb. This implies that Brownian mo-
tion parameter tends to enhance fluid tempera-
ture whereas it has reverse effect on nanopar-
ticle volume fraction. The associated thermal
boundary layer increases while the nanoparti-
cle concentration boundary layer decreases with
the increase in Brownian motion of the nanopar-
ticles. Figure 5 presents the effects of ther-
mophoresis on the nanofluid temperature and
species concentration. It is seen from Figs. 5(a)
and 5(b) that the effect of thermophoresis is to
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Fig. 7. Effect of Eckert number EEEccc on (a)
the fluid temperature θθθ and (b) species
concentration φφφ when MMM === 222, NNNttt === 000...111,
BBBiii === 000...111, LLLeee === 222, NNNbbb === 000...111 and PPPrrr === 777.

increase the nanofluid temperature ans species
concentration within the boundary layer region.
These effects are consequences of the ther-
mal energy released due to collision between
nanoparticles that take place during Brownian
motion and thermophoresis. It is noted that
both the associated boundary layers, with the in-
crease in thermophoretic force, get thicker.

The effect of the Newtonian heating process
taking place at the surface of the sheet on the
nanofluid temperature and nanoparticle volume
fraction is depicted graphically in Figs. 6(a)
6(b). The surface of the sheet is subjected to
Newtonian heating due to a hot fluid on the
other side of the sheet and the strength of this
heating process is measured with an increase in
the non-dimensional parameter Bi (Biot num-
ber). It is observed that the an increase in the
Biot number brings an increase in the nanofluid
temperature and nanoparticle volume fraction.
Due to convective heat transfer from the hot
fluid to the surface of the sheet, the sheet gets
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Table 5 Effects of various parameters on coefficient of skin-friction , Nusselt number and
Sherwood number

Le M Ec Nb Nt Bi −C f
√

Rex Nu/
√

Rex Sh/
√

Rex

2 2 0.1 0.1 0.1 0.1 1.73205081 0.04260004 0.85692048
3 2 0.1 0.1 0.1 0.1 1.73205081 0.03970328 1.14559139
5 2 0.1 0.1 0.1 0.1 1.73205081 0.03603953 1.59836809
2 0 0.1 0.1 0.1 0.1 1.00000000 0.08100553 0.90216795
2 1 0.1 0.1 0.1 0.1 1.41421356 0.06046298 0.87898723
2 2 0.1 0.1 0.1 0.1 1.73205081 0.04260004 0.85692048
2 2 0 0.1 0.1 0.1 1.73205081 0.09338748 0.68833179
2 2 0.05 0.1 0.1 0.1 1.73205081 0.06860485 0.77132315
2 2 0.1 0.1 0.1 0.1 1.73205081 0.04260004 0.85692048
2 2 0.1 0.1 0.1 0.1 1.73205081 0.04260004 0.85692048
2 2 0.1 0.2 0.1 0.1 1.73205081 0.03160076 0.82152260
2 2 0.1 0.5 0.1 0.1 1.73205081 -0.02682382 0.80863639
2 1 0.1 0.1 0.05 0.1 1.41421356 0.06123646 0.84996813
2 1 0.1 0.1 0.1 0.1 1.41421356 0.06046298 0.87898723
2 1 0.1 0.1 0.15 0.1 1.41421356 0.05963841 0.91026471
2 1 0.1 0.1 0.1 0.5 1.41421356 0.23566535 0.75484620
2 1 0.1 0.1 0.1 1 1.41421356 0.36752414 0.66222272
2 1 0.1 0.1 0.1 1.5 1.41421356 0.45065440 0.60420352

heated which in turn increases the heat transfer
rate from the sheet to the fluid. As a result, the
temperature of the fluid gets increased. Thus it
follows that the both the boundary layers viz.
the thermal boundary layer and the nanoparticle
concentration boundary layer get thicker with
the increase viscous drag force.

The contribution of the viscous drag on the
thermal energy of the nanofluid as well as on
nanoparticle volume fraction is presented in
Fig. 7(a) and 7(b), respectively. It is observed
from these figures that the viscous drag has a
significant contribution in increasing the tem-
perature of the nanofluid. The nanoparticle vol-
ume fraction also behaves as in increasing func-
tion of viscous dissipation. The viscous drag
force has the ability to increase the thickness
of both thermal and nanoparticle concentration
boundary layers.

The effects of various parameters governing
the flow field on the coefficient of skin-friction
C f
√

Rex, Nusselt number Nu/
√

Rex, and Sher-
wood number Sh/

√
Rex is presented in Table 5.

It is observed that magnetic parameter tends to
increase the skin friction coefficient whereas it
has reverse effect on the Nusselt number and
Sherwood number. Thus it follows that the ap-
plied magnetic field enhances the skin friction
at the surface where as the rate of heat trans-
fer and mass transfer reduce with an increase
in the strength of the applied magnetic field.
With an increase in Lewis number there is a de-

crease in rate of heat transfer while the rate of
mass transfer increase with increasing values of
Lewis number. As discussed above, this again
follows that the mass diffusion increases the rate
of heat transfer while the rate of nanoparticle
mass transfer decreases with increase in it. Rate
of heat transfer is getting reduced with an in-
crease in Nb and Nt. On the other hand, the
rate of mass transfer is getting enhanced with
an increase in Nb and Nt. This, in turn, imply
that the Brownian diffusion and thermophoretic
diffusion of the nanoparticles tend to reduce the
rate of heat transfer from the surface whereas
these have reverse effect on the rate of nanopar-
ticle mass transfer from the surface of the sheet.
Biot number enhances the rate of heat transfer
while it reduces the rate of mass transfer. There
is a reduction in rate of heat transfer with an
increase in viscous dissipation whereas viscous
dissipation has reverse effect on rate of mass
transfer.

6. CONCLUSIONS

The flow of a viscous, incompressible, and elec-
trically conducting nanofluid past a stretching
sheet with Newtonian heating in the presence
of a uniform transverse magnetic field is stud-
ied taking into account the effects of viscous
and Joule dissipations. The spectral relaxation
method (SRM) was used to obtain the numeri-
cal solution of the governing equations in simi-
larity form which proved to be efficient in han-
dling the solution of the governing equations
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as is evident from the comparison results. The
numerical solution for the nanofluid velocity,
nanofluid temperature, and nanoparticle volume
fraction was obtained using the spectral relax-
ation method. The values of coefficient of skin
friction, Nusselt number, and Sherwood number
were also obtained. The effects of various phys-
ical parameters were studied.It was observed
that the effect of applied magnetic field is to de-
celerate the nanofluid flow whereas to enhance
the nanofluid temperature and nanoparticle con-
centration. The nanofluid temperature gets in-
creased with the increasing effect of Brown-
ian diffusion and thermophoretic diffusion of
nanoparticles. However, the nanofluid concen-
tration decreases with Brownian diffusion and
increases with increase in thermophoretic dif-
fusion. Newtonian heating and viscous dissi-
pation both contribute toward the enhancement
in nanofluid temperature and species concen-
tration. It was further noted that the skin fric-
tion at the surface increases with increase in
the strength of applied magnetic field. The
surface heat transfer is reduced by an increase
in Brownian diffusion, thermophoretic diffu-
sion, and viscous dissipation while the surface
mass transfer increases with increasing ther-
mophoretic diffusion and viscous dissipation
while it decreases with increase in Brownian
diffusion.
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