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ABSTRACT 
 

Bridges with composite steel box girders are used at the intersection of many modern 
bridges. Heuristic optimization methods are the new techniques developed in the last two 
decades that employ stochastic approaches. This paper deals with the size, shape and 
topology optimization of composite steel box girders using Particle Swarm Optimization 
(PSO) method. The advantage of using PSO compared to gradient based techniques lies in 
the fact that the discrete spaces can be optimized in a simple manner. This algorithm was 
written in Python language in the finite element analysis software, ABAQUS, environment 
as a script file. The objective function is the minimization of total weight of the structure 
under strength and serviceability constraints, enforced by penalty functions. All design 
requirements correspond to the American Association of State Highway and Transportation 
Officials (AASHTO) and Iranian Codes of Practice (ICP) for Loading of Bridges Compared 
to a conventional feasible design, the optimum solution showed a 55% reduction of 
structural weight. 

 
Keywords: Optimization; PSO method; composite steel box girder; topology; finite 
element method 

 
 

1. INTRODUCTION 
 

Box girder bridges are used in interchanges of modem highway systems. They have become 
increasingly popular for economics as well as aesthetic reasons.  

Of all the available methods of analysis, the finite-element method is the most powerful, 
versatile, and flexible. Its recent developments make it possible to model a bridge in a more 
realistic manner and to provide a full description of its structural response within the elastic 
and post-elastic stages of loading.  

In 1985, and 1992, Bakht and Jaeger [1] presented a particular case of multiple spine 
bridges having at least three spines, zero transverse bending stiffness, with the load transfer 
between the various spines through transverse shear. Based on these simplifications, they 
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proposed load distribution factors for bending moment and shear. These formed the basis for 
live load distribution for multiple-spine bridges. In 1994, Normandin and Massicotte [2] 
presented the results of a refined finite-element analysis to determine the distribution 
patterns in multiple spine box girder bridges with different characteristics and geometry. 
Several parameters were considered in the analysis: the presence of the internal diaphragms, 
the use of external bracing, and the type of live load. In 1988, Nutt et al. [3] proposed a set 
of equations for moment distribution in straight, reinforced and prestressed concrete, multi-
cell box girder bridges as a function of the number of lanes, cell width, span length, and 
number of cells. 

This study consisted of a theoretical investigation on a box girder utilized with bridges. 
Analytical modeling was performed using the Finite Element Method (FEM) with the 
commercially available "ABAQUS" software. The PSO algorithm was written in Python 
language in ABAQUS environment as a script file. A shell element was used to model the 
concrete deck, steel webs, bottom flanges, and end-diaphragms. 

The (PSO) method for function optimization has been introduced by Kennedy and 
Eberhart in [4] and is inspired by the emergent motion of a flock of birds searching for food. 
A PSO algorithm iteratively explores a stochastic-based technique where a multidimensional 
random search space will be carried out with a swarm of individuals that are referred to as 
particles, looking for the global minimum (or maximum). 

 
 

2.  METHODS AND MATERIALS 
 

2.1 Discrete optimization of Box girders 
The aim of the present study is to optimize a box girder with a general mathematical model 
as: 
 

 

T d
1 2 n iFind X={X ,X ,...,X } , X R such that to

Optimize size/shape/topology of a box girder (F(X))

Subject to: strength and serviceability constraints



 

 (1) 

 
For the specific problem the objective function and the constraints are defined as: 
 

Minimize Weight =  

m

i iii lA
1

   

Where, Ai = a given list of cross sectional areas 
And li = a given geometry for each member 
 
Subject to strength constraints:  
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Subject to serviceability constraints: 
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 (3) 

 
where allC  are the allowable values for strength and serviceability constraints. nelem and 

ndof denote number of elements and number of degrees of freedom for the structure, 
respectively. Note that in handling the constraints, only the most critical member stresses 
and nodal displacements are controlled. Controlling the flange stresses and inclined webs 
follow AASHTO code of practice [5]. 

As far as the deflection limitations for highway bridges is concerned, simple or 
continuous spans should be designed so that maximum deflection due to live load plus 
impact does not exceed 1/800th of the span. For such reason to treat for the maximum 
deflection of the problem in hand the deflection of the mid-span was controlled. 

 
2.1.1 Penalty function  
Domination of constraints is made effective using a penalty function. Thus: 

 

   


nelem

i

ndof

i jip sgf
1 1

 (4) 

  
Finally we have: 

 )0.1( pf wW  (5) 

 
In this study, the coefficient  is considered as [6]: 
 

  ))0.1.(2.01(25,0.100  lterMax  (6) 
 

where,  W and  w are the penalized and nonpenalized objective values, respectively. 
The analysis of the box girder is carried out using software ABAQUS, and the 

optimization procedure follows PSO technique, a detailed of which is followed. 
 

2.2 Box girder Analysis 
2.2.1 Modeling of Deck Slab, Webs, Bottom Flange, and End-Diaphragms 
A mesh of three-dimensional shell elements was used to model the reinforced concrete deck 
slab, steel webs, steel bottom flange, and steel solid-end-diaphragms. A four nodded doubly-
curved general purpose shell element named S4R in the ABAQUS library was used. The 
element has either straight or curved boundaries depending on nodes definitions. The 
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element has six degrees of freedom at each node, namely three displacements (U1, U2, U3) 
and three rotations (123). 

The shell element chosen herein uses thick shell theory as the shell thickness increases 
and becomes discrete Kirchhoff thin shell elements as the thickness decreases; the transverse 
shear deformation becomes very small as the shell thickness decreases. Element S4R 
accounts for finite membrane strains and allows for change in thickness caused by 
deformation. It is, therefore, suitable for large membrane strain analysis, besides large-
rotation analysis, involving materials with Poisson's ratios [ref]. The bridge is assumed 
simply supported at the ends. 

 
2.2.2 Material Modeling 
ABAQUS requires a sufficient definition of the material to assign suitable properties for the 
elements. A mechanical category option is used to define the mechanical properties of the 
beam such as elastic modulus and yield stress. AASHTO encourages the use of HPS steel 
over conventional bridge steels due to its enhanced properties [5]. In this study we use  
AASHTO M270M, Grade HPS 485W, with the material properties as shown in Table 1. 

 
Table 1: Mechanical Properties of Materials 

Material υ ρ t/m3 E (GPa) *Fy, MPa .comp , MPa 

Steel 0.30 7.830 210 585 - 

Concrete 0.25 2.40 26 0.0 27 

Asphalt - 2.20 - - - 

   *Specified Minimum Yield Point or Specified Minimum Yield Strength, Fy, MPa 
 

2.3 PSO Algorithm 
PSO algorithm is illustrated in Figure 1. It is an iterative method that is based on the search 
behavior of a swarm of m particles in a multidimensional search space. Each particle flies 
through the search space according to its velocity vector. In all iterations, the velocity vector 
is adjusted so that prior personal successful positions (cognitive aspect) and the best position 
found by particles within a specific neighborhood (social aspect) act as attractors. 

www.SID.ir

www.SID.ir


Arc
hiv

e 
of

 S
ID

SIZE, SHAPE AND TOPOLOGY OPTIMIZATION OF COMPOSITE STEEL... 

 

703

Start 

Initialize 

Parameters 

Initialize particles with 

random position 
and velocity vectors.

Analyze all tours 

Check 

constraints 

For each particle's 

position (p), 

evaluate 

Penalized Weight 

Update 

particle's 

velocities  

Iteration 
terminated? 

Give gBest

End

N

Y

If fitness(p) better 

than fitness(pbest) 

then pbest=p 
Set best of 

pBest as gBest

 

Figure 1. Structure chart of the PSO program developed 

 
The main formulation of PSO algorithm is based on Equations 7 and 8 as described 

below: 
 

 )()( 2211
1 k
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 11   k
i

k
i

k
i VXX  (8) 

 
Where k

iX  = Position vector of the thi  particle in thk  iteration; k
iV = Velocity vector of 

the thi particle in thk  iteration; 21, rr  Two uniform random values generated in the interval 

[0, 1]; k
gP =The best global position among all the particles in the swarm up to iteration k ;  

k
iP  =The best previous position of the  thi  particle up to iteration k . 

Thus, for each particle i , its velocity vector k
iV  is updated according to Eq. (7). The 

inertia weight ( 0w ) controls the influence of the previous velocity vector. The current 

position of the thi  particle in thk  iteration is denoted by  k
iX . Parameter 01 c  controls the 

impact of the personal best position, i.e., the position where the particle is found the smallest 
so far, assuming that the objective function has to be minimized. Parameter 02 c  

determines the impact of the best position k
gP  that has been found so far by any of the 

particles in the neighborhood of thi  particle. Usually 1c  and 2c  are set to the same value. 

Random values 1r  and 2r  are drawn with uniform probability from [0,1] for each particle at 

every iteration. 
After all the velocities have been updated, the particles move with their new velocity to 

the corresponding new positions as indicated in Eq. (8). Then, for each particle the objective 
function f  is evaluated at its new position. If )()( 1 k

g
k
i PfXf   the personal best position 

is updated accordingly, i.e., k
gP  is set to 1k

iX .   

 
2.4 Loading Conditions of Composite Girder Bridges 
Considerations were given to the effects of highway truck loading and bridge dead loads on 
the load distribution characteristics of straight composite cellular bridges. Highway truck 
loading considered in this study is Iran Truck Loading ITL [7]. The highway truck loading 
includes a highway truck and an equivalent lane loading.  

 
2.4.1 Dead Load 
A concrete density of 3/4.2 mkN , steel density of 3/8.7 mkN  and asphalt density of 

3/2.2 mkN  were assumed, to account for dead load of the structure through the gravity action. 
 

2.4.2 Live Load 
Highway live loads included ITL of 40 ton and equivalent lane load, consisting of 
superimposed load of mkg /1500  uniformly and centrally distributed within a strip of 3m 

width plus a single concentrated load of kg16000  for each lane normal to the centre line of 

the lane were considered. 
  

2.4.3 Impact Load 
The live loads specified in bridge codes and standards include an allowance for ordinary 
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impact loads. Where bridge members will be subjected to unusual vibrations or impact 
loads, provision must be made for them in design of the members. Bridge codes specify a 
percentage increase in truck loads and equal loadings to account for impact loads as follows: 

 
 0.115.0005.03.1  hL  (9) 

 
Where L denotes the span length of the beam, and h represents the height of the rampart. 

Note that impact coefficient should be accounted for in all computations of bridge deck 
members. 

 
2.4.4 Pedestrian Load 
A pedestrian load of  200kg/m2 was applied to all sidewalks being wider than 600 mm and is 
considered so simultaneously with the vehicular design live load. 

 
2.4.5 Centrifugal Force 
Centrifugal Forces are not considered in this study because we assumed that bridge is not 
horizontally curved.  

 
2.4.6 Braking Force 
The braking force in kg shall be taken as: 

 
 40)7.0100(1.0  LFb  (10) 

 
Where L is the length of span in meter. This braking force was placed in all design lanes 

which are considered to act horizontally at a distance of 1800 mm above the roadway 
surface in either longitudinal direction to cause extreme force effects [5].  

 
2.4.7 Distribution Factors for LRFD 
In the LRFD guide specification for distribution of loads for highway bridges, when a bridge 
meets specified requirements, AASHTO has recommended an alternative to these 
distribution factors, where a more refined method such as finite-element analysis is 
permitted. 

 

Figure 2. Spatial view of composite box girder with forces acting upon 
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3. EXAMPLES-DEFINITIONS, RESULTS AND DISCUSSIONS 
 

In all examples, the specifications of PSO are as listed in Table 2. 
 

Table 2: Constant PSO parameters 

Particle size 40 

Cognitive parameter 2.5 

Social parameter 2.5 

Minimum of inertia weight 0.01 

Maximum of inertia weight 0.90 

Maximum iteration 100 

 
3.1 Example 1.  
3.1.1 Problem definition 
The first example is a ten-bar truss problem, considered as a benchmark example to test and 
verify the efficiency of PSO-based optimization method in the present study. The problem 
was investigated by Venkayya 1971[8], Allwood and Chung 1984[9], Goldberg and Samtani 
1986 [10], Rajeev and Krishnamoorthy 1992 [11], Camp et al. 1998 [12], Ghasemi et al 
1999 [13], Mahfouz 1999 [14]  and Kaveh et al 2007 [15]. Figure 3 shows the geometry and 
support conditions for this two dimensional cantilevered truss. 

The design variables of the problem uses discrete cross-sectional areas, where the 
member stresses and nodal displacements are constrained to some allowable values.  

 

445.374 kN

1

26 4

5 3

mm

m
m

21

4 3

6 5

9

10

8

7Y

X

mm

445.374 kN  

Figure 3. View of 2-D Truss, Example 1 
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Table 3: Designs for 10-Bar Truss Using Discrete Variables 

Optimum cross sectional areas (cm2 ) No. of 
Analysis

% weight 
reduction 

X1           X2            X3            X4            X5          X6           X7          X8            X9             X10 

Optimum 
Weight 

(kg) 

 -- 91.61    216.13  10.45   10.45      10.45     99.99   141.94     16.9     128.39     128.39 2546.41 

Method 
Rajeev et al. 

 1 216.13  10.45    10.45     10.45     87.1     170.96     10.45   141.94   147.74     46.58 2520.60 Camp et al. 

 2.2 216.13  10.45    10.45     10.45     91.61   147.74     10.45   141.94   147.74     51.1 2490.60 Kaveh et al. 

1760 0.7% 216.13  10.45    10.45    11.61     51.42     147.74     10.45  147.74   141.94     74.19 2473.32 Present study 

 
Table 3 shows a list of 41 possible discrete members cross sectional areas as well the 

constant material properties such as modulus of elasticity and mass density.  
 

3.1.2 Results and discussion 
As indicated in Table 4, one can observe that the present study performed satisfactory results 
when compared with those in the literature. Figure 4 illustrates the displaced structure of the 
truss problem with the tensile and compressive members being demonstrated. The convergence 
history of the optimum solution for the weight of the truss is illustrated in Figure 5 where an 
impulsive reduction on the weight is observed after which a steady state is monitored soon 
after 14 cycles, recording a global optimum weight of 2473.32 kg within 600 analyses. The 
results signify that the present study compares not only with the literature, but also performed a 
minor 0.7 % reduction on the optimum weight. This could indicate that the present approach, 
involving PSO for the optimization could reliably ascertain further investigations on more 
structures of the type for optimization using PSO approach.  

 
Table 4: A catalogue list of discreet cross-sectional areas allowable values for the constraints and 

material properties – Example 1 

Set of   allowed discrete cross-section areas:  [ 10.45  , 11.61 , 12.84 , 13.74 , 15.35 
,  16.9 , 18.58 ,  19.94 ,  20.19 ,  21.81 , 22.39 ,  22.90 , 23.42 , 24.77 , 24.97 , 25.03 , 
26.97 , 27.23 , 28.97 , 29.61 , 30.97 , 32.06 , 33.03 , 38.32 , 46.58 , 51.1 ,  74.19 ,  
87.1 , 89.68 , 91.61 , 99.99 ,103.23 , 109.03 , 121.29 , 128.39 , 141.94 , 147.74 , 
183.87 , 193.55 , 216.13 ] (cm2) 

Displacement constraints in x and y directions for all nodes:   5.08j cm   
Absolute stress constraints for all members:                          172.25i MPa   

46.895 10E MPa 
                                             

30.0272 N
cm
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Figure 4. Displaced model of the truss – Example 1 

 

Figure 5. Convergence history of the optimum weight; Example 1. Minimized weight = 2473.32kg 

 
3.2 Example 2. 
3.2.1 Problem definition 
A two-lane two-box simply-supported bridge with a steel box girder and a concrete deck 
slab is attempted for size and shape optimization. AASHTO and ICP codes for loading of 
bridges were conformed. Transverse bending stresses and bottom-flange vibrations due to 
warping of the cross section were not considered since the web slope relative to the plane of 
the bottom flange was limited to a value greater than 4:1 and also the bottom-flange width 
was not allowed to exceed 20% of the span length. Diaphragms were provided at the end 
supports to resist transverse rotation, displacement, and distortion. The girder was divided 
into three equal parts in simulation, each with a 12 meter length, allowing for a lower 
possible weight design. Table 4 shows a parameterized set of variables for the problem in 
hand.  

www.SID.ir

www.SID.ir


Arc
hiv

e 
of

 S
ID

SIZE, SHAPE AND TOPOLOGY OPTIMIZATION OF COMPOSITE STEEL... 

 

709

 

Figure 6. FEM model of the box girder problem 

 
Table 4: Parameterized set of data for Size and Shape optimization of composite box girder 

Example 2 

Span length  = 36 m; 

deck slab thickness = <parameterized>; 

bottom steel flange thickness = <parameterized>; 

web plate thicknesses =  <parameterized>; 

end diaphragms thicknesses =  <parameterized>; 

box section depth = <parameterized>; 

slope of inclined webs = <parameterized>; 

width of bottom steel flange = <parameterized>. 

                  deck width = depending on other lengths. 

 
3.2.2 Results and discussion 
Figure 7 illustrates original and optimum cross section views of the problem. The 
convergence history of optimum weight of the structure is illustrated in Figure 8 where a 
sudden reduction on the weight is observed where a global optimum solution of 44.1 Ton is 
monitored soon after 12 cycles, accomplishing the optimum weight. After a recorded total 
less than 500 analyses. 
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(a)                                          (b) 

 

(c) 

Figure 7. Cross section area of the composite box girder; (a) original section, (b) optimum 
size/shape section, (c) a portion of the deflected cross section- Example 2 

 

Figure 8. Convergence history of weight minimization with a recorded global optimum value of 
44103; Example 2 

The optimum size and shape variables for the problem are listed in Table 5 for each of 
the three sections. 
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Table 5: Optimization results of size and shape optimization of box girder, Example 2. 

Optimum 
Size (mm) 

Member Section 

7 

6 
100 

6 

10 

Right Web 

Left Web 

Concrete flange 

Steel flange 

Diaphragm 

 

Section 1 

6 
7 

110 

7 

Right Web 

Left Web 

Concrete flange 

Steel flange 

 

Section 2 

6 

6 

100 

6 

10 

Right Web 

Left Web 

Concrete flange 

Steel flange 

Steel flange 
Diaphragm 

 

Section 3 

Size 
Parameters 

2400 

7.0 

1850 

Depth of beam 

Slope of inclined Webs 

Width of bottom steel flange 

Shape Parameters 

44103 
Optimum 
Weight 

(Kg)  
 
A conventional design of the very structure based on AASHTO code of practice, with no 

optimization procedure, would have led to a 68580 kg weight for the span length of 36 
meters simply supported beam under the specified loading. The optimum weight under the 
same design constraints and loading however, led to a 55% reduction of the weight.   

 
3.3 Example 3 
3.3.1 Problem definition  
This is similar to example 2 plus topology variables. Thus, as shown in Figure 9, the 
stiffeners are built inside the box girder as inner webs assigned as topology variables, where 
decisions will be made on their use. A similar to previous examples, diaphragms were also 
provided at the end supports to resist transverse rotation, displacement, and distortion. The 
girder was also divided into three equal parts in simulation, each with a 12 meter length, 
allowing for a lower possible weight design. Table 6 lists the parameterized set of data for 
size, shape and topology optimization of this example. 
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Table 6: Parameterized set of data for size, shape and topology optimization of the composite 

box girder of Example 3 

Span length = 36 m; 
deck width = dependence on other lengths; 
deck slab thickness = <parameterized>; 
bottom steel flange thickness = <parameterized>; 
web plate thicknesses =  <parameterized>; 
end diaphragms thicknesses =  <parameterized>; 
box section depth = <parameterized>; 
slope of inclined webs = <parameterized>; 
width of bottom steel flange = <parameterized>; 
topology of number of boxes = <parameterized>; 
stiffeners thickness = <parameterized>. 

 
3.3.2 Results and discussion  
Figure 9 illustrates original and optimum cross section views for the problem. As illustrated 
in Figure 9(b) and (d) one realizes that the optimum topology of sections 1 and 3 do not 
require any stiffeners  while the optimum topology of the middle section requires one 
stiffener as shown in Figure 9(c). The convergence history of the optimum weight of the 
structure is illustrated in Figure 10, where a sudden reduction on the weight is observed 
relaxing to the global optimum weight of 45144 kg after only 9 iterations, allowing for only 
a sum of 360 analyses reaching the optimum solution.  

 

(a)

(b) (c) (d)
 

 
(e) 

Figure 9. C.S.A. of the box girder; (a) original section, (b), (c), (d), optimum size/shape/topology 
optimum for sections 1, 2 and 3, respectively, (e) A portion of the deflected cross section- 

Example 3 
 
Table 7 lists the optimum size, shape and topology variables for the box girder of 

Example 3, where an optimum weight of 45144 kg has also been recorded in the last row. 
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Figure 10. Convergence history of weight minimization of the composite box girder; Example 3 
 

Table 7: Optimization results of size, shape and topology optimization of box girder, Example 3 

Optimum 
Size (mm) 

 
Member 

 
Section  

0.0 
0.0 

Corner stiffeners 
Middle stiffeners 

First 12m 

0.0 
7.0 

Corner stiffeners 
Middle stiffeners 

Second 12m 

0.0 
0.0 

Corner stiffeners  
Middle stiffeners 

Third 12m 

Topology 
Parameters 

7 
6 

100 
6 
7 

Right Web 
Left Web 

Concrete flange 
Steel flange 
Diaphragm 

 
First 12m 

6 
7 

110 
7 

Right Web 
Left Web 

Concrete flange 
Steel flange 

Second 12m 

6 
6 

100 
11 
6 

Right Web 
Left Web 

Concrete flange 
Steel flange  
Diaphragm 

Third 12m 

Size 
Parameters 

2400 
6.8 

1670 

      Depth of beam  
      Slope of inclined Webs 

      Width of bottom steel flange 

Shape 
Parameters 

45144 Kg Optimum Weight  
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4. CONCLUSIONS 
 

In this study, a composite steel box girder with a 36-meter span length and a maximum of 23 
design variables, based on Iranian and AASHTO codes of practice for loading of bridges, 
was investigated under size, shape and topology optimization. If all design possibilities were 
the subject of search, a total of 20^23 analyses were necessary, whereas, having utilized the 
PSO stochastic optimization search method, only a maximum of 600 analyses were required 
for an optimum solution.  

The bridge modeling and analysis, based on FEM, facilitated a possibility of controlling 
the stresses due to large deformations, as well as investigating on the stress concentration 
within the structure. Furthermore, the need for using load distribution factors is also 
redundant. 

In case of size and shape optimization of the box girder with no stiffeners forced to it, the 
results showed a 55 % reduction of weight, compared to the conventional non optimized 
design.  
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