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Abstract. We extend our previous work on complexity indices for the travelling salesman problem

(TSP) using graph spectral techniques of data mining. A complexity index is an invariant of an instance

I by which we can predict the execution time of an exact algorithm for TSP for I. We consider the

symmetric travelling salesman problem with instances I represented by complete weighted graphs

G. Intuitively, the hardness of an instance G depends on the distribution of short edges within G.

Therefore we consider some short edge subgraphs of G (minimal spanning tree and several others)

as non-weighted graphs and several their invariants as potential complexity indices. Here spectral

invariants (e.g. spectral radius of the adjacency matrix) play an important role. Spectral clustering

algorithms are used including information obtained from the spectral gap in Laplacian spectra of short

edge subgraphs.

1. Introduction

The well-known travelling salesman problem (TSP) consists in finding a Hamiltonian cycle of min-

imal weight in a weighted complete graph. A survey of research on TSP can be found, for example,

in books [9], [8].

A complexity index is an invariant of an instance I by which we can predict the execution time

of an exact algorithm for TSP for I. Complexity indices are useful in designing adaptive algorithms

and in creating search strategies within branch and bound algorithms [4]. Although there are in the

literature some empirical and theoretical considerations on complexity indices (see, for example, [4],

[1], [10], [12], [13]), a good theory of such phenomena is still missing.

A number of complexity indices are based on spectral graph theory.
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36 D. Cvetković

A spectral graph theory is a theory in which graphs are studied by means of eigenvalues of a matrix

M which is in a prescribed way defined for any graph. This theory is called M–theory. Frequently used

graph matrices are: A adjacency matrix, D diagonal matrix of vertex degrees, L = D − A Laplacian

and Q = D + A signless Laplacian. The spectral graph theory is the union of all these particular

theories together with interaction tools [5].

Example. The adjacency matrix of the graph shown in Fig. 1

b b b b
x1 x2 x3 x4

Fig.1

is given by A =


0 1 0 0

1 0 1 0

0 1 0 1

0 0 1 0

 .
For the graph G on Fig.1 the characteristic polynomial reads

PG(λ) =

∣∣∣∣∣∣∣∣∣∣
λ −1 0 0

−1 λ −1 0

0 −1 λ −1

0 0 −1 λ

∣∣∣∣∣∣∣∣∣∣
= λ4 − 3λ2 + 1 .

Eigenvalues of G are zeros of PG(λ), i.e. 1.6180, 0.6180, −0.6180, −1.6180 or

1 +
√
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−1 +

√
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,
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,
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Note that eigenvalues and eigenvectors of a graph can be calculated in a polynomial time.

There are many applications of the theory of graph spectra to computer science [6]. This survey

paper identifies the following areas of applications in computer science:

1. Expanders and combinatorial optimization,

2. Complex networks and the Internet topology,

3. Data mining,

4. Computer vision and pattern recognition,

5. Internet search,

6. Load balancing and multiprocessor interconnection networks,

7. Anti-virus protection versus spread of knowledge,

8. Statistical databases and social networks,

9. Quantum computing.

10. Bioinformatics,

11. Coding theory,

12. Control theory.

In the present paper we shall combine 1 and 3, i.e. to apply ideas of data mining to a problem of

combinatorial optimization (TSP) using spectra of graphs.
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Complexity indices for the travelling salesman problem 37

Concerning applications in combinatorial optimization let us mention that one of early heuristics

for graph bisection uses the Fiedler vector, i.e. the eigenvector belonging to the second smallest

eigenvalue of the graph Laplacian. This eigenvalue is called algebraic connectivity of the graph and

was introduced by M. Fiedler in [7].

The algebraic connectivity has been used in [2] to formulate the following discrete semidefinite

programming model of the symmetric travelling salesman problem (STSP):

STSP semidefinite programming model:

minimize F (X) =
∑n

i=1

∑n
j=1

(
−1

2dij
)
xij + α

2

∑n
i=1

∑n
j=1 dij

subject to

xii = 2 + α− β (i = 1, . . . , n),

∑n
j=1 xij = nα− β, (i = 1, . . . , n),

xij ∈ {α− 1, α} (j = 1, . . . , n : i < j), X ≥ 0

Here X ≥ 0 means that the matrix X is symmetric and positive semidefinite, while α and β are

chosen so that α > hn/n and 0 < β ≤ hn with hn = 2− 2 cos(2π/n) being the algebraic connectivity

of the cycle Cn. A solution X gives the Laplacian matrix L of an optimal Hamiltonian cycle via the

formula L = X + βI − αJ , J being the all-1 matrix.

A natural semidefinite relaxation of the travelling salesman problem is obtained when discrete

conditions are replaced by inequality conditions.

SDP relaxation:

minimize F (X)

subject to

xii = 2 + α− β (i = 1, . . . , n),

∑n
j=1 xij = nα− β, (i = 1, . . . , n),

α− 1 ≤ xij ≤ α, i, j = 1, . . . , n, i < j, X ≥ 0

One can construct a branch and bound (B&B) algorithm based on the SDP relaxation.

The plan of the paper is as follows. In Section 2 we define the notion of a complexity index and

explain basic ideas by summarizing our early work on the subject. Section 3 describes our work on

complexity indices in 1990’s. New ideas on using data mining techniques are explained in Section 4.
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2. Definition of a complexity index

Definition 2.1. Let A be an (exact) algorithm for solving an NP-hard combinatorial optimization

problem C and let I be an instance of C of dimension n. A complexity index of I for C with respect

to A is a real r, computable in polynomial time from I, by which we can predict (in a well defined

statistical sense) the execution time of A for I.

The efficiency of the complexity index can be statistically estimated measuring the linear correlation

between the index value and the number of relaxation tasks solved within a B&B algorithm. Here we

assume that the execution time of a B&B algorithm is proportional to the number of solved relaxation

tasks.

The coefficient of linear correlation for two sequences B = (bi) and C = (ci) of length p is defined

by

CBC =
1

ϑBϑC

p∑
i=1

(bi − m̄B)(ci − m̄C),

where m̄B, m̄C and ϑB, ϑC are mean values and variances of the corresponding sequences (bi) and

(ci), respectively.

We consider the symmetric travelling salesman problem with instances I represented by complete

graphs G with distances between vertices (cities) as edge weights (lengths).

Intuitively, the hardness of an instance G depends on the distribution of short edges within G.

Therefore we consider some short edge subgraphs of G (minimal spanning tree, critical connected

subgraph, critical 2-connected subgraph and several others) as non-weighted graphs and several their

invariants as potential complexity indices. How short an edge should be to be considered as short

depends on the context.

As a starting example consider an open tour TSP – B&B algorithm with minimal spanning tree

problem (MST) as the relaxation.

If a minimal spanning tree is a path, it represents also a solution to the TSP. However, a path is

also a tree with a minimal branching extent (in an intuitive sense).

The main idea is based on the expectation that a branch and bound algorithm will run for longer

the more the minimal spanning tree deviates from a path, i.e. the greater “branching extent” it has.

Accordingly, any graph invariant characterizing well the “branching extent” in an intuitive sense,

can be considered as a complexity index for the travelling salesman problem.

Originally, the following invariants have been considered: D the number of vertices of degree 2

in the minimal spanning tree and λ1 the largest eigenvalue of the adjacency matrix of the minimal

spanning tree.

The quantity D is maximal (D = n−2, where n is the number of vertices) if the tree reduces to a

path, but it attains its minimal value D = 0 on a great number of trees.
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Complexity indices for the travelling salesman problem 39

The largest eigenvalue λ1 reflects more precisely the branching extent of a tree. Given n, the

number of vertices of a tree, the quantity λ1 varies between 2cos π
n+1 and

√
n− 1, both bounds being

attained on exactly one tree (a path and a star, respectively) [5]. Since the path Pn has the least

branching extent in the intuitive sense and the star K1,n−1 has the maximal one, the quantity λ1 has

at least a good property that it characterizes extremal trees in the above sense. Any invariant which

is considered as a branching extent parameter should fulfil this criterion.

Further, let λ1, λ2, . . . , λn be eigenvalues (of the adjacency matrix ) and d1, d2, . . . , dn vertices

degrees of vertices in a graph. The quantity

Sk =

n∑
i=1

λki (k = 0, 1, 2, . . .)

is called the k-th spectral moment of the graph. For trees we have

S4 = 6(n− 1)− 2
n∑
i=1

d2
i .

It has been shown that S4 is maximal for the star K1,n−1 and minimal for the path Pn.

The following two indices are also considered:

Fs = d1! + d2! + · · ·+ dn! and Fp = d1!d2! · · · dn!.

Within early experiments in 1980’s a number of instances of the TSP have been generated by

means of a random generator using a uniform distribution in the interval (0,1) for the weights. For

each instance we have computed the considered indices and the number N of the solved relaxation

tasks when running the branch and bound algorithm.

Since the input matrices are randomly generated the indices and the numberN are random variables.

The linear correlation coefficient and the Spearman correlation coefficient between indices and N have

been calculated. The results are given in Tables 1-4.

The first and the second column give the correlation coefficient between all mentioned indices and quantities

N and logN . The Spearman rank correlation coefficient is given in the third column.

Correlation coefficients have been found between the number of relaxation tasks and largest eigenvalue of

minimal spanning tree for another branch and bound algorithm and for series of 100 randomly generated

(uniform edge weight distribution) TSP instances with different number of vertices.

The results are presented in Table 5.

These experiments have shown that the considered complexity indices give some useful results only for a

small number of vertices (say, up to 12). This is to be expected since the edges of a minimal spanning tree

represent a small portion of the set of all edges of an instance with large n. Another disadvantage is that a

minimal spanning tree is not uniquely determined.

3. Experiments in 1990’s

Ten years later several invariants have been considered as complexity indices for the TSP with respect to

B&B algorithms based on the SDP relaxation.
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N logN N (Spearman)

D 0.361 0.605 0.500

λ1 0.433 0.598 0.514

S4 0.501 0.612 0.536

Fs 0.463 0.421 0.568

Fp 0.531 0.534 0.570

Table 1. 200 graphs on 8 vertices

N logN N (Spearman)

D 0.293 0.529 0.439

λ1 0.378 0.543 0.502

S4 0.469 0.587 0.545

Fs 0.643 0.375 0.530

Fp 0.690 0.517 0.551

Table 2. 100 graphs on 12 vertices

N logN N (Spearman)

D 0.349 0.499 0.477

λ1 0.225 0.408 0.407

S4 0.340 0.505 0.571

Fs 0.036 0.179 0.493

Fp 0.269 0.359 0.575

Table 3. 100 graphs on 14 vertices

N logN N (Spearman)

D 0.372 0.513 0.542

λ1 0.383 0.333 0.329

S4 0.498 0.444 0.537

Fs 0.206 0.144 0.473

Fp 0.235 0.168 0.581

Table 4. 100 graphs on 16 vertices

number of vertices 10 12 14

correlation coefficient 0.299 0.301 0.175

Table 5. 100 graphs of each order

Let X be the solution of the SDP relaxation problem with β = hn and α = 1 and let L = X + hnI − J with

entries `ij . Then L determines the weighted graph WL = (V,EL, CL), where V = {1, 2, . . . , n} is the vertex set,

the edge set EL = {{i, j} ∈ E|`ij < 0} and the weight matrix CL = 2I−L, the corresponding unweighted graph

GL = (V,EL) and a stochastic matrix SL = I − 1
2L. The graph GL plays the role of a short edge subgraph.

The most efficient indices turned out to be the following ones:

I1:: the number of edges of GL

I2:: the second smallest eigenvalue of the Laplacian of GL

I3:: the entropy of SL, i.e. the value equal to

∑
(i,j)∈EL

(`ij/2) log2(−`ij/2)− n/2

I4::
n∑

i=1

|µi − µ∗i |, where µ1, µ2, . . . , µn and µ∗1, µ
∗
2, . . . , µ

∗
n are sequences of nondecreasing eigenvalues of

the Laplacians of GL and a Hamiltonian circuit, respectively.

I5:: the same sum as in I4 but with eigenvalues of the Laplacian of WL instead of GL.

I6:: the number of vertices of the GL with degrees greater than 2.

The efficiency of indices Ik, k = 1, . . . , 6, has been investigated in [3].
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Complexity indices for the travelling salesman problem 41

For each dimension 20, 25, 30, 35 we have considered 50 randomly generated TSP instances with distances

uniformly distributed in the interval [1,999]. To each instance a B&B algorithm based on SDP relaxation is

applied.

The coefficients of the linear correlation between values of indices Ik (k = 1, . . . , 6) and the number of

relaxation tasks for dimensions n= 20, 25, 30, 35 are summarized in Table 6. Results indicate that the most

reliable indices are I1, I4 and I6 with almost significant correlation.

index I1 I2 I3 I4 I5 I6

n

20 0.53 0.35 0.51 0.53 0.53 0.53

25 0.48 0.49 0.21 0.48 0.48 0.49

30 0.29 0.21 0.32 0.29 0.42 0.33

35 0.56 0.52 0.37 0.56 0.38 0.55

average value 0.47 0.39 0.35 0.47 0.45 0.48

Table 6. Values of the linear correlation coefficients

The obtained experimental results, although much more encouraging than earlier, indicate the luck of theo-

retical explanations of phenomena with complexity indices, the need for experiments with instances of higher

dimensions and, perhaps, the need for better classification of graph invariants than the intuitive approach.

Our previous work on complexity indices for the travelling salesman problem is summarized in [4].

4. Data mining in TSP – an idea for investigations

Now we want to extend our previous work on complexity indices for the travelling salesman problem using

graph spectral techniques of data mining.

Data mining discovers interesting and unknown relationships and patterns in huge data sets. It is used in

many domains such as image processing, web searching, computer security and many others including those

outside computer science. Among many tools used in data mining, spectral techniques play an important

role [14]. Here belong, in particular, clustering and ranking the vertices of a graph. A description of spectral

clustering methods is given in the tutorial [11].

Since hidden details of short edge subgraphs really determine the hardness of an instance, we use techniques

of data mining to find them. In particular, we use the spectral clustering algorithms to partition short edge

subgraphs into clusters.

We shall present an algorithm for graph clustering which is based on the Laplacian matrix of a graph.

LetG be a connected graph on n vertices. Eigenvalues in non-decreasing order and corresponding orthonormal

eigenvectors of the Laplacian L = D−A of G are denoted by ν1 = 0, ν2, . . . , νn and u1, u2, . . . , un, respectively.

In order to construct k clusters in a graph we form an n×k matrix U containing the vectors u1, u2, . . . , uk as

columns. We have a geometric representation of G in the k-dimensional space Rk: we just take rows of U as point

coordinates representing the vertices of G. Edges are straight line segments between the corresponding points.

Now classical clustering methods (say k-means algorithm) should be applied to this new graph presentation.

The complexity of this algorithm is polynomial [11].
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The sum of squares of lengths of all edges in the representation of G is equal to ν1 + ν2 + · · · + νk. This is

the minimal value over all representations obtained via matrix U with orthonormal columns. Such an extremal

graph representation must have remarkable properties. It enhances the clustering properties of the original data

and clusters can now be easily detected.

The number k of clusters can be determined by the eigengap heuristic:

Choose k such that first smallest k Laplacian eigenvalues are very small and the next one is relatively large.

A partial justification of this heuristic is based on the following statement:

If the graph has k components, then the multiplicity of eigenvalue 0 is k and there is a gap to the (k + 1)-th

eigenvalue (which is positive).

The obtained clustering partition of a short edge subgraph can be used to define several new spectral and

structural complexity indices thus refining previous attempts.

In each of k clusters one can find a shortest open (partial) tour. The problem is to integrate these partial tours

into a complete tour using edges between the clusters. The task reminds to that appearing in the well-known

k-OPT heuristics. The complexity of finding an integral closed optimal tour using a brute force algorithm is

equal to 2k−1(k − 1)!n1!n2! · · ·nk! where n1, n2, . . . , nk are cardinalities of clusters.

One should find complexity indices based on the number of edges in the selected short edge subgraph,

the mentioned parameters of the cluster partition as well as on several parameters indicating the quality of

the partition (see [11]). Using randomly generated instances one should check the efficiency of these indices

similarly as in experiments before.

Experiments along these lines and further theoretical work are needed to verify these considerations.
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