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 In the present paper the dynamics of a 3DoF motion platform is studied that introduces a 

novel design of this mechanism. In this design, a balancer module which provides a non 
rotating vertical movement for the platform is utilized. It consists of three pairs of scissors 
which are synchronized by a gear set and a vertically mounted pneumatic actuator which 
balances the static weight of the platform. The specification of this mechanism compared to 
the previous designs is that it provides a nearly constant upward force that remains in the 
direction of the weight in entire the workspace. Additionally it leads to a linear damping 
force in heave motion which provides a better control task. In this paper the complete 
dynamics of the system is modeled where factors like actuator frictions and non uniform 
distribution of load and the mass and inertia of legs are also considered and the velocity 
analysis is performed. The accuracy of the obtained dynamics model is verified by 
comparing the result of simulation with that of an equivalent model built in SimMechanics. 
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1. Introduction 
The demand for higher accuracy and speed in large- payload 
applications has brought about the recent trends toward use 
of parallel mechanisms [1]. Motion platforms, a closed-loop 
mechanism where a moving platform is connected to the 
base by at least two serial kinematics chains, are one of the 
issues that have intensively attracted many researchers’ 
attraction. These platforms come in a big variety of designs 
that vary depending on their degrees of freedom, their 
structure and type that are determined in best conformity 
with performance requirements considering cost and 
complexity. In many applications involving less than six 
degrees of freedom as well as those that do not require very 
high precisions, platforms of less degrees of freedom are 
efficiently used in order to reduce energy consumption, cost, 
and complexity and to ease manufacturing and control tasks 
[2-4]. 
3DoF pure parallel manipulators for instance are extensively 
used in positioning tasks and machining and have been 
addressed by many researches [5,6]; 3DoF pure rotational 
motion platforms for instance are of important function in 
pointing and orienting tasks such as TV satellite antennae, 

sun power mirrors, camera orienting devices, flight and 
driving simulators and wrists [6-8] . Different combinations 
of degrees of freedom of platform are used in manipulating, 
surgery, general machining tasks such as drilling, grinding, 
milling, welding, etc [9, 10]. Two types of popular 3DoF 
motion platforms are shown in figure 1. 
The 3DoF parallel mechanism considered here is designed 
for a motion base of flight simulator which its final goal is 
to provide the motion sensation in the pilot, identical to that 
sensed by the pilot on board. Since motion generally occurs 
in both longitudinal and lateral modes, best motion 
sensation can be produced through generation of 6 degrees 
of freedom of motion. Hence the state of art 6DoF Stewart 
platform, has been the most popular mechanism in flight 
simulators since it was first introduced by Stewart in 1965 
[11]. This system has also been studied by many researchers 
for various applications [12-15]. However 3DoF parallel 
manipulators are preferred in many applications in which 
lower level of control action is required. Additionally, in 
flight simulation application, the weight balancing of 3DoF 
motion systems is achieved much more easily than the 6DoF 
Stewart platforms. This is of great importance in reduction 
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of power supply and cost of control systems. Thus the use of 
3DoF motion systems, instead of 6DoF ones are preferred in 
a plenty of recent applications [2].  

 

(a) 
 
 
 
 
 
 
 
 
 
 

 
(b) 

 
Fig . 1. Two types of commonly used 3DoF motion platform (a): A yaw-
pitch-roll hydraulic motion base for flight simulation researches at 
Virginia tech. (b): A heave-pitch-roll electrical motion base for small 
size flight simulator with spring balancer. 

In this paper a new 3DoF motion platform is studied whose 
kinematics is more simplified compared to the traditional 
3DoF ones and hence is easier to control. In flight simulator 
applications, the most frequently used 3DoF platforms are 
heave-pitch-roll platforms which can provide better motion 
sensation in the pilots [16]. They have even been proven to 
produce motion simulation quality comparable to that 
produced by a 6DoF Stewart platform [17]. (See figure 1). 
To attain a heave-pitch-roll system, we have built a parallel 
type motion platform similar to that depicted in figure1.b. 
Since it is designed for 4tons of payload which is relatively 
high for the actuators shown in figure 1.b, the system is 
modified by replacing the three crank mechanisms by three 
electrical actuators. The spring balancer is also replaced by a 
pneumatically actuated system to reach both higher stiffness 
and constant upward force. To eliminate the platform’s 
lateral motion and yaw rotation, three identical pairs of 
scissors are connected to its gimbal in a triangular 
configuration and their vertical movements are synchronized 
by a set of gears and racks at the bottom. (See figure 2). 
This balancing mechanism does not only have a compact 
design but also high stiffness, low friction and nearly 

constant upward force and linear damping in heave motion. 
These characteristics make its control action much simpler 
in comparison with the other available 3DoF platforms even 
if it is under large payloads. In addition the size of 
servomotors and power supply is minimized due to perfect 
weight balancing of platform. 

 
Fig. 2.  The new heave-roll-pitch motion system 

For control purposes, a sufficiently accurate dynamic model 
of the system is essential. Although different variants of 
3DoF parallel motion platforms are commonly used in 
motion simulators, there is little study on the kinematics and 
dynamics of the systems available in the literature. It is 
mostly due to the fact that these systems are most often 
controlled with simple PID controllers which are determined 
experimentally with trial and error. For more accurate 
motion following, more precise control approaches must be 
taken that rely on a sufficiently accurate dynamics model. 
To achieve this, the dynamics of the platform is derived by 
Newton-Euler method where the forces exerted to the 
platform by actuators, are related to servo forces through 
inclusion of legs’ dynamics [18]. As well as the forward 
dynamics, the inverse dynamics is derived that comes useful 
in model-based computed torque controls [19]. The forward 
and inverse kinematics of the platform are also inevitably 
derived which are essential in workspace determination and 
transforming workspace variables to joint variables and vice 
versa. They also come necessary in inclusion of (electric or 
hydraulic) servo actuator dynamics. 
2. System description   
Referring to fig.2, the three electrical actuators are 
connected to the platform by universal joints and to the base 
by ball joints. Universal joints are used to prevent the 
actuators from spinning and they are located on the top of 
actuators to provide large-angle rotations as they can 
inherently bend much more than ball joints.  The vertically 
mounted pneumatic actuator has ball joints at its both ends 
to leave out the lateral forces. It is located underneath the 
platform center with an almost constant pressure supply to 
support the static weight of the platform. The platform is 
connected to the top of a triangular plate by a universal 
joint. The corners of the triangular plate are connected to the 
top of the three pairs of scissors by revolute joints. (See 
figure.2). Since the three pairs of scissors move 
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synchronously (by use of the gear train as described 
previously), the triangular plate is forced to merely have 
translational movement in vertical direction. As the platform 
is gimbaled to the triangular plate by a universal joint, it can 
accomplish only heave, pitch and roll movements. In 
addition to compact design and high stiffness, the 
mechanism has the main advantage of applying a vertical 
force which makes the model much simplified by only 
involving linear terms of damping and constant terms.  
By use of straight forward formulations to calculate 
multibody DoF’s by Grübler Criterion [20], the system is 
shown to have 3 DoF’s through: 

 DoF’s 
where 7 is the number of rigid bodies in the multibody 
system 39 DoF’s of which are constrained by three 
universal, three prismatic, three spherical joints and the 
pneumatic actuator upper joint. According to mission 
requirements the platform must cover 80 cm’s in heave and 
22 deg in pitch and roll according to which leg’s lengths and 
strokes are determined. 
3. Inverse kinematics 
The purpose of this section is to relate system’s joint 
variables to workspace variables. From the geometry of the 
platform (as sketched in Fig. 3) we have:                                    (1) 
where R is the Euler’s rotation matrix; 

 

Fig.3. Free body diagram of platform 
Relation between velocities can be found in the following 
way: 
For each leg’s upper joint the following relation holds:  ,        

    ,  

where    is the skew symmetric matrix representing cross 
vector product,   ,  is the so called Jacobian matrix relating 
two sets of velocities and     . 
If the center of mass (c.m.) of the payload is of a distance 
(  from pneumatic actuator upper joint, the velocity of 
payload c.m. and the joint are related through following: 

      
       
                     (3) 

where             . 
And also as the system’s yaw motion is constrained, the 
following holds: 

       
                           (4)     ,   

Also from (3.2) we have:        ,  ,                       (6) 

Where  ,   , . 

From (5) and (6), the following is resulted:  ,  ,  ,                            (7) 

By substitution of (7) in (2) we obtain:  ,  ,  ,   ,     ,   ,                    (8) 
where   ,  is the Jacobian matrix. 
The leg’s velocity can be expressed vs. upper joint velocity 
as:   ,   ,  ,    ,                         (9)        ,   ,   ,   ,   ,   ,   ,        (10) 
For the relation between accelerations from (2) we have:   ,   .  ,   ,                         (11) 
The derivative of   ,  is calculated as follows:  ,     ,  ,      ,  ,    . |  |  |  |   ,  .                   (12) 
where   ,  is the projection matrix that matches a vector to 
its projection onto the plane with normal  ,  and is equal to  ,  . 
By taking the derivative of (2) we obtain:  ,         ,  ,  
where  ,      .  
From (3) we have:  ,  ,                              (14) 
where   ,  is defined in (6) and 

 ,    
 . From (5) we obtain:   ,  ,                           (15) 

where  ,   . 
Equations (14) and (15) yield: 
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 ,  ,  ,  ,  ,  ,              (16) 

Substitution of (12), (13) and (16) in (11) yields: 

  ,    ,  ,    ,   ,  

 ,   ,    ,                  (17)  ,  ,                                 (18) 
where  ,  ,     , |  |  ,  

 ,   ,    ,     , for i=1:3. 
4. Forward kinematics 
The purpose of this section is to obtain workspace variables 
from given leg lengths. To achieve this, three equations in 
(1) must be solved for  .This is done 
through various numerical methods for solving nonlinear 
algebraic equations. The method used here is the common 
Newton_Rophson method in which the following equation 
must be solved iteratively to converge to the real solution:       ̅                            (19) 

The term   ̅       is a  matrix that is calculated through  ,  
as follows:   ̅          ,                              (20)  

 

   ,  

  ,   ,  ,                           (22) 
where   ,  and   ,  are given in (10) and (21) respectively. 
5. Forward dynamics 
To derive the system dynamics for simulation and the study 
of the system response, derivation of forward dynamics is 
necessary. For the platform sketched in Fig. 3, three forces 
are exerted to the platform through the upper universal joint 
of each leg which are related to the actuator forces through 
legs’ dynamics. If we ignore the legs’ mass and inertia 
compared to that of the platform, the actuation forces can be 
set equal to platform forces. This is usually the case where 
each lag’s mass is less than %5 of the platform and its 
payload mass [3]. To consider the general case, in this paper 
legs’ dynamics is also considered. In addition to the forces 
mentioned, two constrained forces and one moment are 
exerted to the platform through the upper universal joint 
above the triangular plate. (See figure 2). The forces are in x 
and y directions to constrain sway and surge and the 
moment is around z axis to constrain yaw. To attain three 
explicit differential equations without the interference of the 
unknown constraining forces, the dynamics of the system is 
derived through Newton-Euler method in the following 
order: 

For the motion in z direction from Newton law we have:                           (23) 
where m consists of the masses of payload, the triangular 
plate, the pneumatic actuator piston and the equivalent 
masses of scissors where the latter is reasonably assumed to 
be constant.    is the summation of z components of 
forces exerted to the platform through legs’ upper joints and    is the vertical force exerted to the platform by pneumatic 
actuator that is composed of a constant part equal to the 
actuating force and a friction term of coulomb and viscous 
types as follows:                                             (24) 

where b is viscous friction constant and    , dry kinetic 
friction constant. 
From Euler law, when the moments are calculated around a 
point (p) with velocity   we have: 

                            (25) 

where      is the absolute angular momentum around p 
and        is the absolute velocity of the c.m. of the body 
and   is the total moment of forces exerted to the body 
around p. For the platform where p is the upper joint of 
pneumatic actuator which is constrained to move vertically 
(see Fig. 3). We have:                               (26) 

       ̅    ̅   

                     (28) 

where     . 
By substituting (27) and (28) in (25) and also considering     , we obtain:  ̅   ̅   

                      (29) 

where     . 
If legs’ mass is negligible,      can simply be assumed 
along the leg i.e.   ,  . When legs’ mass and inertia are 
considered   for each leg is obtained from   through the 
following relation [17]:                                                  (30) 
where the following relations have been used: 
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                  , 

                       (31) 

where  is the identity matrix and   and   are the inertias of 
the translating and rotating parts of the leg respectively; also   is defined in (2). Other parameters are defined in Fig. 4. 

 
Fig. 4.  Force analysis diagram of a leg 

Also actuator friction can be taken into account by 
considering: 

              ,                             (32) 
where           is the summation of coulomb and viscous 
friction calculated through:       ̇  ̇                            (33) 

where the coefficients are similar to those defined in (24). 
By substitution of (30) in (29) and using equations (2), (7), 

(8) and (16), we obtain: 

 ̅  ,       ,  
    

 ̅       ,  
    ,  

  

  ̅        ,  
    ,  

               
    

   ,    ,    ,              

   ,    ,    ,                    (34) 

Also by substitution of (30) in (23) we have: 

    ,  
     

    ,  
    , 

   ,  
   

          
   
    

 ,  ,  ,              

 ,  ,  ,                          (35) 

Equation (36) and the two first equations of (35), i.e. 
multiplication of  by (35), present three explicit 
differential equations that when solved yield three degrees 
of freedom of the system. 
The three equations above when solved reversely for 
unknown    , yield the three required forces for the known 
trajectory i.e. the inverse dynamics is solved. 
6. Dynamic simulation 
In this section the dynamic equations have been 
implemented for the built system with characteristics in 
appendix A, using MATLAB routines. The inverse 
dynamics of the system for some desired trajectories have 
been solved and the resulted required forces   are obtained. 
The trajectory for which the results are presented was 
assumed to be        which is a 
sinusoidal motion in heave direction around the neutral 
point with the amplitude of    and  . 
The resulted forces are equal in this case and are plotted in 
Fig. 5. the results from the identical model built in 
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simMechanics are also plotted in that figure to compare for 
validation of the presented model. It is seem that both of the 
models follow the same trend. Thus it verifies the accuracy 
of the derived dynamics model. The inverse dynamics is 
also solved for various amounts of legs’ mass to study the 
effects of legs’ inertia. The corresponding results for the 
same trajectory are presented in Fig. 6. 

 
Fig.5. Actuator forces required to follow the desired trajectory 

 
Fig. 6. Actuator forces for three variations of legs’ mass, (a) original 

mass (equal to %3.5 of payload mass for each leg), (b) %50 decrease in 
each leg’s mass an (c) %50 increase in each leg’s mass 

7. Conclusions 
In this article, an innovative configuration for a 3DoF 

heave_roll_pitch motion platform that can be widely used in 
flight simulators is introduced. It is more efficient in two 
main aspects compared to the previous designs. First by 
applying a nearly constant upward force using a high 
capacity pneumatic actuator, the weight of the platform and 
its payload is compensated for. It causes smaller loads to be 
transmitted to the electrically actuated jacks. Second by use 
of a new configuration of scissors, motion is constraint in 
heave direction with less friction and backlash and more 
stiffness, in comparison with the available similar 
mechanisms. Both the aspects result in a better control task, 
robustness in path following and capability of handling 
greater loads. 
The dynamic equations of the 3DoF motion platform in the 
workspace are derived by Newton-Euler method which take 

into account the legs’ mass, inertia and inner frictions. The 
closed-form solutions for both the inverse and forward 
kinematics problems have been derived, and the velocity 
analysis is performed, where the Jacobian matrix relating 
output velocities to the actuated joint rates has been 
obtained. It makes solution of direct kinematics possible 
through simple integration of velocities rather than 
cumbersome numerical solving of nonlinear algebraic 
equations. This approach of velocity analysis can also be 
taken for many parallel mechanisms to simplify kinematic 
and dynamic analyses of multibody systems where the 
dependent degrees of freedom of separately-studied bodies 
must be written in terms of the generalized velocities. 

Finally the algorithm has been implemented to the 
special motion system with known parameters which have 
been built and tested, using MATLAB routines. The 
accuracy of the algorithm has been verified by comparison 
of the results with those of the equivalent model built in 
SimMechanics. 
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Nomenclature 
  Position vector of body frame’s origin in the inertial 

frame   Position vector of the upper joint of ith leg relative to the 
body frame origin    Position vector of the lower joint of ith leg in the inertial 
frame  ,  Velocity vector of the upper joint of ith leg        Position vector of pneumatic actuator upper joint in the 
inertial frame        Pneumatic actuator upper joint velocity in z direction 

 Equivalent mass of payload   ̅         Platform matrix of moment inertia 
 Displacement vector of payload center of mass from 

pneumatic actuator upper joint 

  The vector of ith leg directed from the lower joint to the 
upper joint  ,  The unit vector of ith leg directed from the lower joint to 
the upper joint 

 Position of the payload center of mass in inertial frame 
 Platform angular velocity in inertial frame 

 Platform angular velocity components in body frame     Leg angular velocity in inertial frame 
 Euler angles representing orientation of the platform    Pneumatic actuator force exerted to the platform through 

the upper joint   Angular momentum of the payload around point p   The moment exerted to the payload around point p    Displacement vector of the ith actuator upper joint from 
the pneumatic actuator upper joint   The vector composed of longitudinal forces that legs 
exert to the platform through the upper joints   The vector composed of actuator forces   Representing a vector quantity stressed in body frame 

 Representing a vector quantity  
 The skew symmetric matrix designating the cross 

product     The quantity measured relative to absolute (inertial) 
frame 
c.m. Center of mass 

Appendix A 
The characteristics of the platform used for simulation are as 
follows: 

 

  ̅    
  ,    ,    ,   ,                          ,     .  .   
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