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Dynamic Oligopolies with

Production Adjustment Costs

C. Chiarella1 and F. Szidarovszky�

Single-product oligopolies, without product di�erentiation, are examined under the assumption

that any increase in production levels has additional cost to the �rms. Therefore, the best

response of each �rm depends on the current output of the rest of the industry and on the

previous output of the �rm. Two dynamic models are introduced. In the �rst case, the �rms

form adaptive expectations on the output of the rest of the industry and select the best response

output levels and, in the second case, it is assumed that they adjust their output levels adaptively.

Conditions are derived in both cases for the asymptotic stability of the equilibrium.

INTRODUCTION

The classical Cournot model [1] and its variants and
extensions have been the focus of researchers for a very
long time. In most earlier studies, oligopolies were
considered as static N -person games and the existence
and uniqueness of the equilibrium were the main
concern. Several model variants and extensions were
examined, including single-product models, with and
without product di�erentiation, rent-seeking, labor-
managed and multi-product oligopolies, to mention
but a few. In the dynamic extensions, both discrete
and continuous time scales were considered and the
asymptotic properties of the equilibrium were investi-
gated. The most important earlier results in single-
product oligopolies are summarized in [2] and their
multi-product extensions, with several applications, are
presented in [3].

With the development of the theory of oligopolies,
the examined models became more complex and so-
phisticated. However, most of them were based on
the assumptions that all products are sold at each
time period; the cost functions and the capacity of the
�rms, as well as the market demand function, remain
the same during the entire time horizon under con-
sideration and the market demand of the consecutive
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time periods are independent of each other. Based
on realizing these shortcomings, an extensive research
has recently been performed in order to develop and
examine more realistic models. The book by Bis-
chi, Chiarella, Kopel and Szidarovszky [4] presents
the most recent developments in this �eld. Some
simple earlier results are reported in Okuguchi and
Szidarovszky [3].

In this paper, one of the important issues will
be addressed, when output adjustment costs will be
taken into consideration. Any increase in production
levels usually requires an increase in capacity limits,
which cannot be done without purchasing or renting
new machinery and equipment, hiring more labor, or
even building a new plant. All of these are costly
and these costs have to be taken into account. First,
dynamic oligopoly models will be developed, including
production adjustment costs and, then, the asymptotic
behavior of the resulting dynamic systems will be
examined.

MATHEMATICAL MODEL AND BEST

RESPONSES

An N -�rm single product oligopoly, without product
di�erentiation, is considered. Let f denote the price
function (or inverse demand function), Ck the produc-
tion cost function of �rm k and xk the output of this
�rm. Assume discrete time scales and consider time
period t + 1. Then, the pro�t of �rm k can be given
as the di�erence between its revenue and costs. Let
Qk =

P
l6=k xl denote the output of the rest of the
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industry, then:

�k = xkf(xk +Qk(t+ 1))� Ck(xk)

�Kk(xk � xk(t)); (1)

where Kk(xk � xk(t)) is the output adjustment cost.
If xk > xk(t), then, this is the cost of the output
increase. If xk < xk(t), then, there is some cost
attached to idle machinery and layed-o� labor etc. In
this study, however, only the cost of output increase
will be considered, so Kk(�) = 0 as � 5 0.

Assume that functions f , Ck and Kk are twice
continuously di�erentiable in R+ and K 0

k(0) = K 00
k (0),

furthermore;

(A) f 0 < 0; C 0
k = 0;K 0

k = 0,

(B) f 0 + xkf
00 < 0,

(C) f 0 � C 00
k �K 00

k < 0,

for all k and feasible values of the involved variables.
At time period t + 1, when �rm k maximizes

its pro�t, it does not know the simultaneous output
decisions of the competitors, therefore, it forms an
expectation, QE

k (t + 1), based on earlier observations
and maximizes its expected pro�t as follows:

xkf(xk +QE
k (t+ 1))� Ck(x)�Kk(xk � xk(t)): (2)

With �xed values of QE
k (t+1) and xk(t), this function

is strictly concave in xk . Assume, in addition, that each
�rm, k, has a �nite maximal possible output capacity,
Lk, then, the feasible strategy set of �rm k is the
compact set, [0; Lk], and there is a unique response
function, Rk(Qk; xk), which can be obtained as follows:

1. If f(Qk)� C 0
k(0) 5 0, thenRk(Qk; xk) = 0,

2. If Lkf
0(Lk+Qk)+f(Lk+Qk)�C

0
k(Lk)�K

0
k(Lk�

xk) = 0, then Rk(Qk; xk) = Lk,

3. Otherwise, zk = Rk(Qk; xk) is the unique solution
of the monotonic equation:

zkf
0(zk +Qk) + f(zk +Qk)� C 0

k(zk)

�K 0
k(zk � xk) = 0; (3)

inside interval (0; Lk).

Assume that Rk(Qk; xk) is interior, that is, the third
case applies. By implicitly di�erentiating Equation 3,
with respect to Qk and xk, one has:

R0
kQ:f

0 + zk:f
00:(1 +R0

kQ) + f 0:(1 +R0
kQ)� C 00

k :R
0
kQ

�K 00
k :R

0
kQ = 0;

and:

R0
kx:f

0 + zk:f
00:R0

kx + f 0:R0
kx � C 00

k :R
0
kx

�K 00
k :(R

0
kx � 1) = 0;

which imply that:

R0
kQ = �

f 0 + zkf
00

2f 0 + zkf 00 � C 00
k �K 00

k

; (4)

and:

R0
kx = �

K 00
k

2f 0 + zkf 00 � C 00
k �K 00

k

: (5)

Assumptions (A)-(C) imply that:

�1 < R0
kQ < 0 � R0

kx < 1; (6)

and:

�1 < R0
kQ �R

0
kx: (7)

By assuming that the �rms use adaptive learning about
the output of the rest of the industry, one has the
following 2N -dimensional nonlinear dynamic system:

xk(t+1)=Rk

�
QE
k (t)+ak:

�X
l6=k

xl(t)�Q
E
k (t)

�
; xk(t)

!
;

(8)

QE
k (t+ 1) = QE

k (t) + ak:

0
@X
l 6=k

xl(t)�QE
k (t)

1
A ; (9)

where ak 2 (0; 1] is the speed of adjustment of �rm
k. Notice that (�x1; � � � ; �xN ; �Q

E
1 ; � � � ;

�QE
N) is a steady

of this system, if and only if, (�x1; � � � ; �xN ) is a Nash
equilibrium of the N -�rm oligopoly without output
adjustment costs and for all k, �QE

k =
P

l6=k �xl.
An alternative dynamic model can be developed

by assuming that the �rms use static expectations and
adjust their outputs adaptively:

xk(t+1)=xk(t)+ak

 
Rk

�X
l 6=k

xl(t); xk(t)

�
�xk(t)

!
;

(10)

where 0 < ak � 1 is the speed of adjustment. This
adjustment scheme means that the �rms adjust their
output only in the direction towards their best choices,
instead of choosing best responses. This is a realistic
approach in cases when larger output changes need
more time than one period, or, when the �rms want
to react to market changes only gradually.
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ASYMPTOTIC ANALYSIS

The asymptotic stability of Systems 8, 9 and 10 is
examined by linearization. The Jacobian of Systems 8
and 9 can be written as follows:0
BBBBBB@

r1x r1Qa1 � � � r1Qa1 r1Q(1�a1)

r2Qa2 r2x � � � r2Qa2 r2Q(1�a2)

.

.

.

.

.

.

.

.

.

.
.
.

rNQaN rNQaN � � � rNx RNQ(1�aN )

0 a1 � � � a1 1�a1
a2 0 � � � a2 1�a2

.

.

.

.

.

.

.

.

.

.
.
.

aN aN � � � 0 1�aN

1
CCCCCCA

where rkQ = @Rk
@Qk

and rkx =
@Rk
@xk

at the equilibrium.
The eigenvalue equation of this matrix can be

written as follows:

rkxuk + rkQak
X
l 6=k

ul + rkQ(1� ak)vk = �uk; (11)

ak
X
l6=k

ul + (1� ak)vk = �vk (1 5 k 5 n): (12)

Multiply Equation 12 by rkQ and subtract the resulting
equation from Equation 11 in order to have:

rkxuk = �(uk � rkQvk);

which implies that:

rkQvk =
�� rkx

�
uk;

where it is assumed that � 6= 0, since a zero eigenvalue
cannot destroy stability. By substituting this relation
into Equation 11, one gets the following equation:

rkQak
X
l6=k

ul+

�
rkx+

(1� ak)(��rkx)

�
��

�
uk = 0;

(13)

for all k. This system has a nontrivial solution if and
only if, its determinant is zero. That is, with the
notation:

Ak(�) = rkx +
(1� ak)(�� rkx)

�
� �;

and:

Bk(�) = rkQak;

one has:

0 = det

0
BBB@
A1(�) B1(�) � � � B1(�)
B2(�) A2(�) � � � B2(�)

...
...

...
BN (�) BN (�) � � � AN (�)

1
CCCA

=
NY
k=1

(Ak(�)�Bk(�)):

"
1 +

NX
k=1

Bk(�)

Ak(�) �Bk(�)

#

= 0;

where the determinantal identity used earlier in [5] is
used.

First, the roots of the following equation are
examined:

Ak(�)�Bk(�) = 0; (14)

which is the quadratic equation:

�2 + � (ak(1 + rkQ)� rkx � 1) + rkx(1� ak) = 0:
(15)

Then, it is proven that this equation has two real roots.
Its discriminant is as follows:

(akz � rkx � 1)2 � 4rkx(1� ak);

with z = 1 + rkQ 2 (0; 1), which is a quadratic
polynomial in z:

z2a2k � 2zak(rkx + 1) + ((rkx � 1)2 + 4akrkx):

This is a convex parabola with derivative:

2za2k � 2ak(rkx + 1) < 2a2k � 2ak=2ak(ak � 1) � 0;

since z < 1; ak 2 (0; 1] and 0 � rkx < 1. Therefore, it
is decreasing in the interval (0; 1). Its value at z = 1
equals:

a2k � 2ak(rkx + 1) + (rkx � 1)2 + 4akrkx

= a2k + 2ak(rkx � 1) + (rkx � 1)2

= (ak + rkx � 1)2 � 0:

Therefore, the determinant is positive, so there are
two real roots. Next, it is shown that these roots are
between �1 and +1. Clearly,

rkx(1� ak) < 1;

and, furthermore:

ak(1 + rkQ)� rkx � 1 + rkx(1� ak) + 1 > 0;

since the left hand side simpli�es as follows:

ak(1 + rkQ � rkx);

which is positive from Equation 7. In addition:

�ak(1 + rkQ) + rkx + 1 + rkx(1� ak) + 1 > 0;

since the left hand side equals:

[1� ak(1 + rkQ)] + [1 + rkx(2� ak)] ;

with both bracketed expressions being positive. Hence,
all roots of Equation 14 are real and between �1
and +1.
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Consider the following equation:

1 +

NX
k=1

Bk(�)

Ak(�) �Bk(�)
= 0: (16)

The equilibrium is locally asymptotically stable, if all
roots of this equation are inside the unit circle. In
contrast to Equation 14, there is no guarantee that the
roots are real and inside the unit circle. In general
cases, computer methods can be used, however, in the
case of symmetric �rms, one can obtain simple analytic
results. So, assuming that ak � a; rkQ � r and rkx � �r,
then, Equation 16 can be rewritten as follows:

A(�) + (N � 1)B(�) = 0;

that is,

�2 + �(��r + a� 1� ra(N � 1)) + �r(1� a) = 0:

The roots are inside the unit circle if and only if:

�r(1� a) < 1; (17)

(��r + a� 1� ra(N � 1)) + �r(1� a) + 1 > 0; (18)

and:

(�r � a+ 1 + ra(N � 1)) + �r(1� a) + 1 > 0: (19)

Notice �rst that Equation 17 clearly holds, since a 2
(0; 1] and �r 2 (0; 1). Furthermore, Equation 18 can be
simpli�ed as follows:

a(1� �r � r(N � 1)) > 0;

which also holds for all a 2 (0; 1]; �r 2 [0; 1) and r 2

(�1; 0). Inequality 19 can be rewritten as follows:

a(1� r(N � 1) + �r) < 2 + 2�r:

The multiplier of a is positive, so the roots are inside
the unit circle if and only if:

a <
2 + 2�r

1 + �r � r(N � 1)
: (20)

Hence, the symmetric equilibrium is locally asymptot-
ically stable, if the value of a is su�ciently small.

Returning to System 10, notice �rst that its
Jacobian has a special structure as follows:

0
BBB@
1�a1(1�r1x) a1r1Q � � � a1r1Q

a2r2Q 1�a2(1�r2x) � � � a2r2Q
...

...
. . .

...
aNrNQ aNrNQ � � � 1�aN(1�rNx)

1
CCCA :

It is easy to see (similarly to the previous case) that the
characteristic polynomial of this matrix is as follows:

NY
k=1

(1� ak(1� rkx)� �� akrkQ)

:

"
1 +

NX
k=1

akrkQ

1� ak(1� rkx)� �� akrkQ

#
= 0:
(21)

By using Equation 7 the root of the equation:

1� ak(1� rkx)� �� akrkQ = 0;

is:

� = 1� ak(1� rkx + rkQ) < 1:

So, this root is inside the unit circle if:

ak <
2

1� rkx + rkQ
: (22)

If g(�) denotes the bracketed term, then, the poles are
the values 1� ak(1� rkx)� akrkQ; the right hand side
limit at each pole is +1 and the left hand side limit
is �1. In addition, g(�) tends to 1, as � ! +1 or
� ! �1. Furthermore, g0(�) < 0. Therefore, there is
one root before the smallest pole and one between each
pair of consecutive poles. Therefore, all roots are real
and they are between �1 and +1, if Equation 22 holds
for all k and:

NX
k=1

akrkQ

2� ak(1 + rkQ � rkx)
> �1; (23)

that is, all values, ak, are su�ciently small.
Consider next symmetric �rms, when ak �

a; rkQ � r and rkx � �r. In this case, Conditions 22
and 23 can be rewritten as follows:

a <
2

1� �r + r
; (24)

and:

a <
2

1� �r + r(1�N)
: (25)

Notice that Inequality 25 is stronger than Relation 24,
so it is the stability condition.

CONCLUSION

In this paper, single-product oligopolies were examined
without product di�erentiation and with production
adjustment costs. Under realistic conditions, the
unique best response of each �rm, as the function of
the current output of the rest of the industry and the
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previous output of the �rm, was determined. Two
dynamic models were developed. In the �rst case, each
�rm used adaptive expectations for the output of the
rest of the industry and changed its output level to the
corresponding best response level. In the second case,
it is assumed that the �rms used static expectations
and adjusted their output levels adaptively.

Conditions were derived for the asymptotic sta-
bility of the steady state. These conditions are always
satis�ed, if the speeds of adjustments are su�ciently
small.
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